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AN EIGENFUNCTION PROBLEM OCCURRING IN 
QUANTUM MECHANICS 


By E. C. TITCHMARSH (Ozford) 
[Received 22 November 1941] 
1. AccorprneG to Dirac’s relativistic theory of the hydrogen atom,* 


the energy-levels of the atom are the eigenvalues of the linear 


operator 


ih d jh 


: 2 
— |—#ep.C —pzmc*. 
2a ‘) Ps Qrx p 


Here e, c, h, and m are physical constants, j is an integer, not zero, 
and ¢ and p, are matrices, 


0 
e=|. 
a 


The subject of the operator is the matrix 


ve) = (pa) 


The eigenvalues were obtained by Gordon.t Here I carry the 
analysis a stage farther, and obtain the associated expansion of an 
arbitrary function in terms of the eigenfunctions. I do not know 
whether the result is of any physical interest. It seems to be of 
some mathematical interest to show how it can be obtained, as the 
analysis differs in some respects from the ordinary ‘Sturm-Liouville’ 
examples. 

The general method is similar to that which I have used in the 
case of the Sturm-Liouville expansion and its extensions.{ To obtain 
the expansion of (2) we consider the solution (x,t) of 


such that ¢(a,0) = p(x). Let 
« 0 
qa ® 1 Pe 
Ts e4hh(a, t) dt, ¥_(x,w) = — eh (a, t) dt. 
(27) , V(27) , 
0 —@ 
* P. A. M. Dirac, Quantum Mechanics (2nd ed.), ch. xii. 
+ W. Gordon, Zeitschrift fiir Physik, 48 (1928), 11-14; Dirac, loc. cit. § 74. 
- E. C. Titchmarsh, Quart. J. of Math. (Oxford), 11 (1940), 129-40 and 
141-6, and ibid. 12 (1941), 33-50 and 89-107. 
3695.13 y B 











2 E. C. TITCHMARSH 


Then LY’, (x,w) = — 55 b(x)+-wP, (x, w), (1.1) 
N 
LY _(x,w) = “5 x) -+- F(x, w). (1.2) 
\ a7 


These are ordinary differential equations, which can be solved. Then, 
by the generalized Fourier-integral formula, 


ik+ a —ik+ oa 


. . 


(at) = - = V(x, w)e-@ dw + —— | Y_(x, we dw, 
(2a) J a ( (277) 


ik—« —ik-- © (1.3) 
where k > 0. The expansion of (x) is obtained by taking t = 0 and 
evaluating the right-hand side by the calculus of residues. In the 
present case, each function is a matrix; thus 


- y - rw \ 
— (v 3 wi} 
2. Let us write 


27re” 2a B 2armc 
= dy, = _ _ = 
he he h , 
Then (1.1) is 
2. © se ) : ap - 
—-—-+te— —tep,- —yp3)T, = — ——- p(x) +Bu¥,. (2.1) 
( x dx 3x =i (27) 
i 0 i 
Since =|. : 
7” (; 0} 
this is equivalent to the two equations 
ar ' } a 
¥+e7% 4 va[rt 2 +B), = Sire iia if, (x) 
de 277) 
v\ (2.2) 
ar } 9 ie 4 a ] 
~—S4aF 2% ya “= _ p(x 
x a a/( (27) 
Consider first the corresponding homogeneous equations 
’ 4 j _@ | P 
fat 2h—(y+ 2 +Bw)f, = 0 
(2.3) 
fit {ft (y-3 “— pu) — 0 


For large x these approximate to 


f+ Buf, =0, f+ —Bw)f, = 











ON AN EIGENFUNCTION PROBLEM 3 
Putting 
= Vy—Bwf{P(x)—Q(a)}, fax) = Vly +Bwh{P(x)+Q(2)} 
we obtain P’—CP = 0, Q’+ 29 = 0, 


where { = ./(y?—f*w?), and R(f) > 0 if I(w) > 0. These equations 
can now be solved. We therefore make the same substitution in (2.3), 
and obtain 


P+JQ— cP+%" P+2Q = 0 


' , 8 (2.4) 
42 Ps e.. SPO = 
W+=P+lQ fx tr Q=0 
Putting P(x) = e-*p(x), Q(x) = e-q(x), we obtain 
7. of ay) 
p'+=q—2p+ 7 eter 0 
d aw (2.5) 
5p % BH 
i -a a 
Let p(x) = xe s C2, q(x) = xt s d, 2’. 
v=0 v=0 
Substituting and equating coefficients of x#+’-1, we obtain 
(u+v)c,+jd,—2tc,_,+ Fe, 4 %d, =0 
4 4 
(2.6) 
(n+) d,+5e,—Fe,— F d,=0 
For v = 0 these give 
(u+aBw/l)eot+(j+ay/l)d, = 0 (2.7) 


(u—aBw/l)dy+(j—ay/l)cy = 0 


These are consistent if u? = j?—a*®. Assuming that «a < |j|, this 
gives two real values for p. 
Eliminating d, from (2.6) we obtain 


) 
_ 2 (w+-v)l—aBw} 
C¢, = Cy-1- 
v(v+ 2) 
Hence p(x) = Cox" ,F(u+1—aBw/l; 2u+-1; 22x) 
in the usual hypergeometric notation. Similarly, 


q(x) = dy xt ,F(u—aBw/f; 2u+-1; 222). 
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The confluent hypergeometric function* M,, ,(z) is defined by 


M, 


ip (2) — zitHe-te mY i(4+p— k; Zu-+1; Z). 


Thus 


aioe oe Co Dn eee 
Poe) = papyren Mabe p22 Qe) = ay 


To satisfy (2.7), put 


: A(j+ay/f), dy = —A(p+oaBw/f) 


dy ‘ 
: es 1 (257). 


The general solution of (2.3) is then 


py _Av(yFBw){[.. oy xBw 
f,(%) = xi(2L)! 7 (i+ ij aa -lp (2 fx) + . ij Mapie.1 y 


Vy — / M. ae 5 one M. en 
A(2)) (4 ae a ale LR "Ag fe, 1 _ (26 
where » now denotes the positive value of ,/(j?—«?), and A and A’ 


are arbitrary numbers independent of 2. 
We have now to select the solutions which vanish at 0 and oo 


(2 


respectively. For the former we must clearly take A’ = 0. Taking 


o° 


ee zi f M, w 2C2) (n+ Tie My w 


To obtain the latter we observe that, if 


then} 
for large z, |argz| < 7—8 < mw. Hence we take 
2 
pe aryl La 
" / P(1+p—aBw/f) 


The required solutions are therefore 


i 2 


9,(c) \ — (i+ "Nes, (2¢a) + - Wap , 4(2ta)]. 
(2.10) 


* Whittaker and Watson, Modern Analysis, ch. xvi. + Ibid., § 16.3. 








ON AN EIGENFUNCTION PROBLEM 
3. We have 


£ ite faos) = 1|24,+(y——Bw) io}... 
120+ (>a) {Jane (r+ +a) — 


—0{—2fe+(r+5+60)4} = 0, 
by (2.3). Hence SiG2—fog1 = C, 


where C is independent of x. Now as x > 0, 


f(z) ~ wy Bw) (j-+ (w+ I 


2¢)t- a ow 
9,(2) — — ZF }) r sete 


a P'(2u+1) ., ay 
es: = 20" Trapt E} — 


The solution of (2.2) which vanishes at 0 and oo is therefore 


, (010) = — 95 | (0) | Cala Wbata)+ fala} dy + 
0 


+f,(c) f {g:(yea(y) +90 watw) ay]. (3.3) 


Zz 
The functions ‘Y_ :(x,w) are minus the analytic continuations of 
’, 1(x,w) across the real axis between the points w = +y/8. Hence 
(1.3) gives formally on putting ¢ = 0 


l ik + 00 - ik+ © 
p(x) = - eal — | yy, a(x, w) dw. (3.4) 
- k-—@ : ‘ 


(27) ws 


—ik—o 
Now I'(1+y—afw/~) has simple poles at 
w= Wn a 7 yet) >° 
By{oP+(u-+n)"} 
(18 


The residues are - ; 
1 eslaues ar xpy*(n— 1)! 
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ay 7 
Vat (um) 


where i= V(y?—B?u?) = 


Also 


Q 2) = © z)= T'(—2y) 
i = Menstn@) = l'{4—2n—(n+})} My +nx3,u(2)- 
Hence r 
xv, WwW =s ye $+p 
9,(2 w,,) ( bal T(1—n—2u) 


I(: ) 
= (—1)"-1(2¢,,)#+# : (x, w,)- 
D(2u-+1) i 
Hence the residues contribute to the right-hand side of (3.4) the 
series 
sg = 224-1y5 a, (2u-+n) : ] oe es ee _ 
(m1)! (2+ (wpm) + feet tay 
X ful, Wy) | {fils Wndba(y) + falys Wn dbaly)} dy 


0 


3 P2Qp+1) 


The numbers w, are the eigenvalues obtained by Gordon. The 
functions f(x, w,,) are orthogonal in the sense that, if m 4 n, 


x 

erfere . me > 

h(a »U md (x; u n) +Fela »U md a(x, u n)§ dx = 0, 

0 
as is easily verified from (2.3). They do not form a complete set 
since there are also integral terms in the expansion. 


4. As w passes round y/8 once in the positive direction, starting 
and finishing at wu > y/B, ¢ changes from —i,/(B?u?—y?) = —in to 
in. Hence on making k + 0, the region u > y/8 contributes to the 
right-hand side of (3.4) 


du xX 


iB [ T(1+p—aPu/in)(2in)#-? 


2nP(2u+1) , 
vip 


x [ayes tsin) F (las ms indate)-+falan a indbate)} dy + 
0 


j+ay/in 


+ fil, u, in) i {gi(y, U, in), (y)+Goly, U, in)po(y)} ay 2s 


x 
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= 24 [ Ratetebalien rT 5 


~ 2a Qp+1) . j—ay/in 


x Ee U, —ty) | {fily. U, —in)py(y)+fely, u, —in)pe(y)} dy + 


«o 


+f,(e,%, —in) | {ox(ysu » —inpr(y)+9ely, us — inhale} dy]. 


x 


Now 
fy. 4, tm) = 8, 4 ee (+3 4} nbu_1,(2iny)-+ 
2 (2in)i+#\\" in 


in 
aBu : 

+{ w+ ——]Maopu , 1 (2iny)}, 
in in + or 


where 5, = i, 8, =1; and f,(y,u,—in) are the conjugates. Using 
2 


the relations 


w+aBw/f _ j—aylt : 
jtaylt ~ w—apeit sis 


and 2-t-¥M, ,(z) = (—z)*-#¥M_,, ,(—2), (4.2) 


it follows that 
» ° j—ay/in ° 
y,u, — = 2. : ,U, tn). 4.3 
fy, u, —™) ib apulin WY u, tn) (4.3) 


Hence in the above integrals we obtain f(y, u, in) multiplied by 


i ‘ . 
M14 pe «Bu lt7) (95 n)H-Hg, (ar, ws, i9)-+ 
j+aylin 


4 +T(u+-oBu/in)(—2in)*-tg,(x,u, —ty). (4-4) 
INOW 


xtg,(x,u,in) _ Tiny Mae 1 (2tnx)+ 


ij(Bu—y) T(l—p—oBu/in) =~ 2 

(j+ay/in) TP (2) a 

P(1+p—aBu/in) Mapas -2O07) 
I'(—2p) as 

Tp —apulin) yap 4) 
P'(2p) 

~ P(w—aBu/in) 


+R 


Mapu , e) 
Tar 
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Hence by (4.2) 


aig,(x,u,—in) _ (j—ay/in)T(—2p) 


— = = e-t7t+) YM, u (27 x)+ 
—ty(Bu—y) D(1—p+aBu/in) fs tie” 
(J—ay/in)P(2p) |; . 
+ —, €-7t—-») Mapu 2ina) + 
T'(1-+p+afujin) fu, 3 7 
I'(— 2p) imr(4 + . 
fee —in YM, 3 2 . 
+ a alulee)” fea, ina) 
9 
—— P'(2y) J, e-™t-W Mapu 1 (2inw). 
D'(u+aBu/in) _ 
The coefficients of Magu 1 _, (20%) in (4.4) are zero. The coefficient 
in ~ 2 
of Magu 1 ,(2¢72) reduces to 


y(bu—y)(29)"™ PR r a... * eraBulne—tim yD, (4.5) 
x?T(2u-+-1) in |} | in 


and the coefficient of Magu , 


1 (20x) is 
in 274 


be aey ey 


times this expression. Hence (4.4) reduces to (4.5) multiplied by 
+ aPu/i ; xt(2in)t+#f, (a, u,% 
Mean + (ier) ee, , Oe NG re 
i jtaylin Gy tee t4/(Bu—y)(j+ay/t) 
Similar analysis applies to the other terms, and we obtain finally 
I = 


224-28 


kes PET w— — “er aBuln _ wT F (a, u,in) du x 
aT*(2u+1) , | an Jtay/tn “2 
yiB 


w~ 





{fily, u, ina (y)+foly, u, 1m )pbo(y)} dy. 
0 
It follows from (4.3) that the functions 


—aPu/in\s , ; 
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are real for real u and », so that the result can be written in a purely 


real form. Similarly, the contribution of the region u << —y/B is 
Ji = 
on-2g —y/B 


- ~ 2-1) au m7apul ae aun 
aD*(2p-+1) | = Pn =o Cr lan S4tO ae X 


i j+ay/in 
x f {fily, u, m)ba(y) +foly, u, in )po(y)} dy. 


The expansion formula is then 
p,(x) = Sith+d:. (4.6) 
5. We shall not discuss in detail the conditions which (x) must 
satisfy for the above process to be justified, but we can state in 
general terms how to proceed. We have to consider the integrals 
of ¥’, 1(#,w) round a large semicircle above the real axis. Since 
xBw/f > ia as w —> oo, (2.9) gives 
9,(%, w) ~w Fa- + Vy Bw)e —lx (2Zar)t+to, 


The asymptotic form of M,, ,(z) for R(z) > 00 is not stated by Whit- 
taker and Watson, but it can be derived from the formula* 


1 
9 ~p+39-—2 
M,.,,(2) = his at he nat [ pat 4—a)-t41telen du, 


Tb+ethrd+n—® J 
The integral is 
ei [ (2—v) t+ -ky-t+tke—teo dv ~ e§?2-h+h-k [ y-ttetke—lev dv 
0 0 
= elea-H eK 2) HAT (b+ +h). 
P'(2u+1) elte-k. 
P(3+p—k) 
Mm . ewe V(y# Bw) gl(24+1) 9 -ia, tx 
Thus fi, (2 w) ProTaEr rd+p—ia) °°”) es”, 


Hence we obtain 


Hence M,, (2) ~ 


Bae) ~ —H8(2) Pov, 


1 a\ix . 
bd ms ie ae iBulc—y)_ 
oA FY) += (7) e 


* Whittaker and Watson, loc. cit., Ex. 1. 
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For I(w) large and posi ive 


=z Zz 
5 “\ ia " 4 
| (*) etPutx—vb, (y) dy , (x) eiBu(x—y) dy a (2) ; 
y J —ipw 
0 
provided that %, is a sufficiently regular function; and similarly for 
the other terms. Hence 
VY. (2, wv) ~ Pale)— Wale 
; tw,/ (27) 
Thus the integral of (27)-!¥, ,(z,w) round a large semicircle above 
the real axis tends to . 
oe Hyp (x) — taba 


The corresponding ps 135 of (27)- ea w) is the conjugate, 
so that — they give y,(x). The rey contribution of the terms 
involving (x) to the iu: of us,(x) is of course zero. 


6. In the particular case « = 0 we have 


fylae) = INO BO) ay, (202) + M4 (2E2x)} 


xt(2C Fan 


94 = (97x ) +ip—Cx 
a 2jy/( Y Bw)( )(2far)! e >. 4-9 
ax#(2Z) $43 (9; 27; 262) 
= 2j(y—Bw)a!D( 5+ 3); (thx) /(hi) +. * 
The term S, vanishes, and the expansion of y,(2) reduces to Hankel’s 
formula involving Bessel functions of gues die $. Similarly 


fae) = Pe OE AGH 


> fly + Beo)arD (5+ 3)E Fj.5 ibe) (Rey, 


and the expansion of (x) reduces to Hankel’s formula involving 


Bessel functions of order j+ 4. 


* Watson, Theory of Bessel Functions, § 6.5 (1). 








ON THE ORDER OF 4+it) 
By E. C. TITCHMARSHE! (Ozford) 
[Received 21 January 1942] 
1. THE object of this note is to prove that 


L(4+-it) = O(t?"* log **1). (1.1) 
This seems to be the best result of the kind so far obtained, the 
previous best, due to Phillips,* being 


f(}+%t) = O( 02). (1.2) 
I proved (1.1) some time ago, and it has been quoted by Ingham.t 
The interest of such theorems, which are obviously not final, depends 
to a large extent on the ease with which they can be proved. I have 
now reduced the proof to a form which I think is not unreasonable. 
The method is the two-dimensional analogue of van der Corput’s 
method which I have applied to the problem of the lattice-points 
in a circle.t Here, however, we can replace the rather complicated 
estimations of integrals previously used by the following lemma. 
We consider the integral 


I as [ | ertifizw) dardy, 
D 
where f(x,y) is a real function with continuous derivatives of the 
first and second order, and D is a finite region bounded by O(1) 
continuous monotonic arcs; and we shall suppose that all relevant 
curves, such as the boundary of D and the curves f,(x,y) = 0, 
f(x,y) = 9,..., intersect in O(1) points. In the application these are 
all algebraic curves of bounded degree, so that these conditions 
are obviously fulfilled. 


Lemma. Let D be included in the square |x| < R, \y| < R, where 
R > 2, and let f,(x,y) > 9, f(x,y) < 9 (or frx < 9, fyy > 0), and 
fryl(t.y) 2b6>0 


* Eric Phillips, ‘The zeta-function of Riemann; further developments of 
van der Corput’s method’: Quart. J. of Math. (Oxford), 4 (1933), 209-25. 

+ A. E. Ingham, ‘On the difference between consecutive primes’: Quart. 
J. of Math. (Oxford), 8 (1937), 255-66. 

t E. C. Titchmarsh, ‘The lattice-points in a circle’: Proc. London Math. 


Soc. (=) 38 (1934), 96-115. 
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throughout D. Then 
a (8 R+ ve", 
b 
Consider the part D, of D where f,(x,y) > 0, f,(a,y) > 0. Let 
f(x,y) = 0 when x = 2,(y). Then f(x,y) > 0 when x > x(y). Let 8 
be a positive number not Sustindiing Rk. In the part D; of D, where 
x >x,+8 (if it exists), transform to variables ¢, y, defined by 
S(x,y) = &, x = ». Then 


Of.) _ ary, 
A(x, | y) “a. flv, y). 
? P ; Pe e2nit 
Hence | ert hew) dady = | Ties dédn, 
. J Jy\tsy 


J 
D; 


with appropriate limits for € and y. For a fixed & 


3 : 
jy tu) = Suy~ i Si 2 > b. 
y 
ys 
Hence i= | (;- 1.) dyn > b(n—Xp). 
on 


Zo 
Also, for a fixed », f,, is monotonic in O(1) €-intervals, by our general 
conditions. Hence by the second mean-value theorem 


e2nit { 1 ) 
| eae 


Hence 


| | e27i f(x,y) dxdy 
Di 
(tT dy ) 1, 2R—z, 1, 3R 
— QY p Ba. | —} = nce. | ir za! air, 
| J ia) Of; log 5 Of; log 5 ) 


The integral over the remainder of D, is 


o(. | | dady) = O(R8). 


<2s <a +8 
Taking 5 = 1/(Rb), the wii follows for D,. The choice of 8 implies 
that R*b > 1; we may assume this, since otherwise 
I = O(R?) = O(b-) 


and the result is trivial. 








. 
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A similar method applies if f, <0, f,< 0. If f, and f, have 
opposite signs, we put f(x,y) = €, y = , and obtain 
é 
—f, = Sey— fy => b. 
sd 


Pa .- 
zx 


The same result therefore follows for this part. This proves the 
lemma. 


2. We have to consider sums of the form } n-“. Now the argu- 


ment of §3 of my paper* ‘van der Corput’s method (I)’ actually 
shows that, if F(n) is a real function, and p < b—a, then 


1 OD _ b-—r 
> e2niF(n)| < ~(4(b—a )2p+2(b—a )| > )> e27i{F(m+r)— ron} 
n=a | p r= m=a 
(2.1) 
Taking F(n) = —(2z)—tlog n, and using § 5 (2) of my second paper,t 
we have 
p-1 b-r ‘ p-1 edridirs v) 
. = » y e—itlog(m+ rim — eg -4rt —f 
2,9" 2 ps iii & fom) 
+ O(a*t-*p?) + O(p? log t) + ola-t§ (2.2) 
where 
fiz) = na log", f'(m,) = », d(v) = f(m,)—vm,, 
27 x 


a = f’(b—r), B = f'(@), b < 2a. 
Consider the sum 
R’ N’ 


S > > eribrn) (R< R'<2R<p;N<N'<2N <A). 


r=R+1lv=N+1 
By Lemma f’ of ‘Lattice-points’ we nie if At < N’—N, 


Bia o(-r)+ .o0(Ft yt #6) Ss, ) (2.3) 
A? i) y=1 

ive (= )+ ff —~ “(> S, } |, (2.4) 
RN\ , ,{R*N? = \3) 

ft - O° 5 “)+0Fr riz. s) (2.5) 


* E. C. Titchmarsh, ‘On van der Corput’s me a and the zeta-function 
of Riemann, Quart. J. of Math. (Oxford), 2 (1931), 161-73. 

+ E. C. Titchmarsh, ‘On van der Corput’s method and the zeta-function 
of Riemann (II)’: Quart. J. of Math. (Oxford), 2 (1931), 313-20. 
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where 
e27i{ P(r,v+¥y)—Gr,v)} 


‘ 2 = Vs 
> e27it(r,y) 
N 


v 1 


— ¥ d(r,v+r,+r.)+ ¥ d(r, v+r,)—4(r, v) 
Vi Ve Vs 
=| | | Dyy A(T, V+4,+X,+25) dx, dx, dxz. 
000 


Now as in $5 of ‘van der Corput’s method on 


— Hel art) 
ae) ls sot 
4 £8, of 
=)" of 


Divide up the region of summation of S, into rectangles A,, with 
sides 


yl, ) 


Hence 


Pred: 


v)= 
oe (7, v) = 
v) = 


Do oyyyl 


Tr vvvvyv 


3 5 9 
] cR*N* cN* 
‘eal ? 2 ; oe 4 
t? V1 Vo Vg t? Rv, VoVs 
or parts of such rectangles. If c is small enough, #%, and y%, vary by 
at most } in each rectangle. Hence, by Lemma y of ‘Lattice-points’, 
there are integers h,,, k, such that 


>Y ¥ etzivo) ( [ e2riiiry)—hinx—knvt dady +-O(1,)+ O(1,) 
An “es 
An 


(provided that /, >1,1, >1). By the above lemma, this is 


o ill log t] + O(1,)+ O(]9). 
t*y,Vov 


- " tr Atr 
Since a et) > — > 47, 
27m(m-+r) m= 


we have R < AN, 1, < Al,, and hence 


bs > e27i(r,v) O(1, log t). 


An 





ON THE ORDER OF (¢(4$+ it) 
There are Of{( RIZ1+-1)(NI>1+-1)} such rectangles. Hence 
S; = Of( RNIZ1+-N-+- RI, 171+1,)log t}. 
This result. is also obvious if 1, <1. Hence (since N < AN?/R) 
s, = of(" “1"2 oy oe : N Jlog?}. 
\ Rin? RR vv) J 


Inserting this result in (2.5), then the result of that in (2.4), and 
so on, we obtain finally 


11 1 


S = O( RNA *)+0(R*N%*86)8 log*t) + O( REN® log*t) + 


+0( Rt N84 V6) Jogts), 


The first two terms are of the same order if 


_ [ R8N5\3s 
~ [\tlogt/ | 


—— .  —_— = 1 
This gives S = 0( Be Hs<¢< log??t), 
provided that the last two terms in (2.7) are negligible. This is 
true if 
NA‘ log t = O( R?), N’logtt = O( R°1A®). 
Using (2.8) and N < AtRa-? (from (2.6) ), these reduce to 


f° Rlogtt = O(a”), 27 R™ log?t = O(a®). (2.10) 


3. We now return to (2.2). We observe that the above argument 
applies equally well if S is taken over part of the above rectangle 
cut off by one or both of the curves v = a, v = 8. Also 

f’(x)| > Atpa-, 
sd " - in 1 — — 
and it is easily verified that |f”(m,)|~* satisfies the conditions of 
monotony necessary for partial summation in two variables. Simi- 
larly we can introduce the factor p—r by a second partial summation. 
The result is 


e277 G(r,v) 63 39 3 _21 ite 
> (p—r) , = O(p*#Btta*e** log?*?) 
.- Sts f’(m,) |? 


_ O(p: 22 Bq , vr log???) 
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since 8B = O(tpa~*). Hence by (2.1) 


b 


¥ n-tt O(ap 2) + O(a? * pe ape log*t) + O(a*p if t)4 


r 2 1 -- 2. 24 
— O(a? log?t) | O(a? %p>t*). 
The first two terms are of the same order if 


° ¢ 1 
p = | (a?*t-®log—'t)* |, (3.1) 
and this gives 
b. : 15 9 aa 
> n-# Ola?°t5 log?*t) L Ola 
1 1 143 4 
| O(a? log?t) + O(a?**#*). (3.2) 
The argument requires p < b—a; but the result also holds if p > b—a, 
since then the sum is 
O(b—a) = O(p) = O(a?*t =), 
which is of smaller order than the second term above. 
We also notice that, if the condition At < N’—N of $2 is not 


satisfied, then 9 Of{R(N’—N)} O( RX). 

This is not greater than the first term on the right of (2.3) if 

P\ O(N), and it is easily verified that this is true if a O(t®). 
The last two terms in (3.2) are obviously negligible in comparison 


with the first, and the second is negligible if 
38 ) . 
a= O(t8* ~) (8>0), 


which is true. Hence by partial summation 
b 
“=~ 1 1 9 1 
S , O1a®5t®* log® st). 


aa > +it 

n=a [t° 
By (3.1), the conditions (2.10) now reduce to 
715 
3 


1763 Jog 99 O(a”), {231 log t O(a°"), 


of which the former is more stringent. Hence (3.3) holds if 


1 


T x @ Aft®, 


253 
where T = A,t*** log®**t. 


Adding sums of the type (3.3), we therefore obtain 


19 a 
O(P* log? *t). 
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To complete the proof we use the inequalities 


he 
Z Sa = O(N’) + O(N 86%) (N> #4) (8.5) 
n=N 

Nj 


and > a= (Wetpt) (N <2) (3.6) 


n=1 
proved in ‘van der Corput’s method (IT)’, §5, (8) and the formula 


after (9). The sum (3.6) is O(#*) gD = E ‘|; and then (3.5), with 
N’ =[T], is 





O(t?2°* log t)+o(tte* 1r8) = O( #8) 
since 0, <x 3 < Th 3113 < 19 164. 


The result therefore follows from the approximate functional equa- 


tion. 


3695.13 Cc 








THE LATTICE-POINTS IN A CIRCLE 
By LOO-KENG HUA (Kunming) 
[Received 9 January 1942] 
Let R(x) denote the number of lattice-points inside and on the circle 
u*+-v? = x. It is easily proved that, as 2 > 00, R(x) ~ ma, and in 


fact that (2°) azx-+- O(a) (1) 


for some values of a less than 1. It is a question of finding the 
lower bound, # say, of the numbers a for which (1) is true. The best 
result hitherto obtained is that #< }3. This was proved by Titch- 
marsh* in 1933. It is the purpose of the paper to prove that # < }3. 
Titchmarsh’s proof depends essentially on the fact that a quadratic 
form he uses is positive definite. In trying to sharpen the result one 
arrives at the difficulty that a certain quadratic form is not positive 
definite. But, on examination, it is found that the variables of the 
quadratic form are not perfectly general. For these variables so 
restricted we have fortunately that the values of the form are always 
positive. 


1. Lemmas quoted from Titchmarsh’s paper 


Lemma 1. Let a, be any numbers, real or complex, such that, if 

> > then |s 
p=lv=1 

b,,, denote real numbers, 0 < b,,,, < H, and let each of the expressions 


m,n 


Smn Mit G ( 5 m : M; l =<. nv : N). 


b b 


b - , . mm 9 , a a 
m,n mnr+l mn m+1,n m,n +1, mn+l 


be of constant sign for values of m and n in question. Then 


N 
> a 5GH. 


) 
myn min 
Lemma 2. Let f(x,y) be a real function of x and y, and 
S = = e27t f(mn) 
Proc. London Math. Soc. (2), 38 (1935), 96-115. I must also refer to 
a paper of I. Vinogradow, Bull. Acad. Sci. U.R.S.S. 7 (1932), 313-36, in 
which the error-term O(17/58*¢) is claimed. Unfortunately there seems to be 
an incurable mistake contained in the proof, namely, in §3 F and G of bis 
paper. For he states that, after a bulky calculation, he obtained the result 


be ye 3 min{ P, (2) min{ P, (F’)-") Pi ps p3 M***P-*, But this is apparently 


1 


false as we see by considering the sum of those terms with r 8 0 
4 


1 
(actually the partial sum formed by these terms (M/P)*pi ps p3 P?). 
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the sum being taken over the lattice points of a region D included in 
the ie ax<zr<ba<xy<fB. Let 

yy e2ritfim+p.n+v)—fimn)}. sg” — y y e2zif(m+pn—v)—f(m,n)} 
where » and v are integers, and S’ is taken over values of m and n such 
that both (m,n) and (m+p,n-+-v) belong to D; and similarly for S". 
Let p be a positive integer not exceeding b—a, and let p’ be a positive 
integer not exceeding B—a. Then 
g = ofc Me \+0| (= 
\ (pp’)? \ 


LemMA 2’. If 0 < p < b—a, then 


¢— of@- hale 
: [  p 


a wy f )} 
avhere ge .. | p2rri{f(m+p.n)—f(m,n 
her i ye 


LemMA 3. Let f(x,y) be a real differentiable function of x and y. 
Let f(x,y) be a monotonic function of x for each value of y considered, 
and f, sn y) bea monotonic function of y for each value of x considered. 
Let \f,| < 2 |fyl <2, forra<2x<cb,a<y<B, where b—a <l, 
B—a<l (lL>1). Let D be the rectangle (a,b; «,B), or part of the 
rectangle cut off by a continuous monotonic curve. Then 


font het J) 


YT Y¥__ e2zismn) — [ [ e27i Kay) dady 4 O()). 


D 


LemMMA 4. Suppose that f(x,y) is a real function of x and y with 
continuous partial derivatives of as many orders as may be required in 
the rectangle (a,b; «, 8), and also that any curve defined by equating to 
zero a polynomial of given degree in these derivatives has O(1) inter- 
sections with any other such curve, or with any straight line. Let 


—a < l,B—a<l. Let 
fer| < AR, fiy| < AR, fry| < AR (3) 


(A denotes a positive absolute constant, not necessarily the same one at 
each occurrence) and 


Sechag~Saa| FO, (4) 
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where 0 <r < R, throughout the rectangle. Let \f,| <1, |fy| <1", 
\Feey! <a> Mew)! <a» \fyyyl < ts» and let 
113 < K,r* 
and lr, < K,r, 
where K, and K, are sufficiently small constants. Then 
ff ——) 
aa P 
The lemmas 1, 2, 3, 4 correspond to the lemmas a, f, y, ¢ of 
Titchmarsh respectively. 
2. Let 
Af(u, v) = f(u+m,+m,+ msg, V+, +N.+Ns3)— 
— > f(ut+m,+meg, v-+ny+N)+ ¥ f(u+m, v+n,)—f(u, v), 


S ‘oe 4 rr, y 
X = 6m, mM, Ms, Y = 23 mm, nz, 


e27t f(x,y) dady — of 


and let 


Z = 23 m,n, Ns, W = 6n, Ny Nz. 
Then we have 
Au = Av = 0, Au? = Auv = Av? = 0, 
Au? = X, Au» = Y, Auv? = Z, Av? = W. 
It is easy to prove that 
A(wrvk-A), 89 yao = Ofyt-3(|X|+(Y|+/Z|+|WI|)}, forO<A<&, 


if m; = O(n) and n; = O(n) for 1 = 1, 2, 3. 
Let |u| < 7, |w,| < n, max(u,v) > L. Formally, we have 


(v+ v,)? 


9 


3 
{(w+ay)?+(v +04) 


ie Uu U4 — vv : 
4 > 


> 5 
oe --e 


Vi\(, .Uute, : 
bs mae § 1—3 2 Se 
v?} | u2+-y2 


9 


15 /uu,+vv,\? | 15 (wu,+vv,)(u}+23) 
2 (u?-+-v?)? 


u2+ v2 


1 


Qn | asq3_\3 4 2_}_ 92\2 5 | peas. \2(9,2 1 452 
ee aee =) 105 (wu, +-vv,)?(uj+r7) , 


2 \ 8 \u?+-v? 4 (u?+-v?)8 


Te: 
U*--v* 


+ (Sa) +--+. (7) 


8 \ w+? | 
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Let G(u,v) = Af{,/(u?+-v?)}. Then, by (7), we have 
v At (X+Z)u+(¥+W)y _ 
a (u2-+-v2) $|2 u2+v2 
_ 35 Xw+3Yu2v+ 3Zuv?+ We _3 z+ W 
2 (u?+-v?)? v 
i ppl + 2Zuv+ We* 4% =e: *\ 4 ofl a i |Z|+|W ln), 
v(u?+v?) vf 
Similarly, we have 
u a 5 (X+Z)u+(Y+W)e ye 
; a2) u2+-v? 


- 


35 Xue+3Y 3Yu?v+ 3Zuv ad W v3 

z (u*+-v?)? 

[paw + 2¥uet Ze? Xut+¥o) aa \Y|+ en 
u(u+-v?) u> ‘id TD 


uv lS 5 (X+Z)u+(¥+ 
(u2+-v2 2 2 u2+-v? 


35 Xu3+3Y uv +3Zuv?+- Wr : sperm, 


2 (u2+-v2)? “s 


ot 2Yuv+ Zr? Yu?+ 2Zuv +Wv ‘)- 3 Yu+Zv 


2\ ulut po) ~ vu +e) aa 
(XI+IVI4IZI-+10 In 


Uv 


Hence we have 
Q oa uv [Fe 
ev uv ~ (w+ 2)5 \2 u2+y2 
oa ‘ae fa. r 
_ 35 X u8+3Yu* v+3Zuv + Wes _3} LW 4 
2 (u?-+-v 2)2 v 
15 Yu?+2Zu0+ W v 3 ZutW ‘\, ‘ 
' v(u2+v?) v 
15 (X+Z)u+(Y +W)ev v_ 35. Xue+3Y u *v+3Zuv*+ Wer? 
2 — wv? 2 (w2+-v 2)2 
5 3X +5 gt sa Me: 
u u(u?+v?) u 
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os 5(X+Z)ut+(Y+W)v 35 Xu'+3¥uv+3Zur?+ We 


2 


u2ty? > (u?-+-v?)? 

a +2 .F +W 4 

4 

re 15/Xu?+2Yuv we Bot Yat 2Zuv+ Wo" _glurZo)? ‘ 
ulate s) v(u?+v?) Uv j 


eof 44 a) 
Ls 


ue? ( (X+Z)u+(Y+W)v 
_ (u2+-v2)5 u2+ vy? 
35 Xue + 3Yu2v+3Zuv?+ Wo \ _ 
2 (u2+v2)2 x 


, (-3* uty "_gaer* v, 6) ——|+ 


2 
u~ v* uv 


+9(=+"_s: Xu?+2Yuv+ Ze?  Xu+Yv\ _ 
“\ uw : u(u?+v?) u _ 
(~ Ws Yub+2Zu0+ We? Zut =*)\- 


2 


v ; v(u?+ v?) iu v2 
9(/X+ZY +W 5 x u?+2VYuv+Zv? , Yu?+ + 2Zuv+ We v ‘\4+ 
4 4 , ata 2) + v(u?+ v?) ! 


Yu+Zo\2] , p[(X?+Y¥2+22+ W2)y 
42 +40 
uv | | ( Dr 


: — ry , al (X2+¥2+22+ W?2)n 
a, } ’ Z, -O ’ say. 
4(u?+ v?)? we. mee LD ") _ 


Then 
—3 Q(X, Y,Z,W) = —3[P(u?+v?){(X+Z)u+(¥Y+ W)e}— 
— (Xue + 3Y¥u*v+3Zuv?+ Wv')] x 
v(Xu+Yv)+u?(Zut+ WwW Sigg u+Zv)}+ 
Huet Z)— Buk u?+2Yuv+ Zv*)+ (w?+-v?)(Xu+Yv)} x 
(u?+v?)(Y+ W)—5o(Yu?+ oZuv-+ Wv?)+ (u?+-v?)(Zu+ Wv)}— 
“a0 *)(Y+W)— 
—5v(Xu?+ 2Yuv+ Zv?)—5u(Yu?+ 2Zu0+ Wv?)+ 
+ 2(u?+v?)(Yu+ Zv)}* 
= —3{(—10u8+ Yuv?) X + (—45u2v+ Pus) ¥ + 
+ (Bui —45uv?)Z + (Pu?v— 1003) W} x 
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< {uv®X — (2u*v—v3) Y —(—u8+- 2uv?)Z + we W}+ 
+ 9{(—3u3+ 2uv?)X + (—9u?v+-v3)¥ + (w3—4uv?)Z} x 
< {(—4u?v+- v9) Y + (u?— 9uv?)Z+-(2u?v— 30) W}— 
{(—4u*v-+ v3) X + (— 2u®—Tuv?)¥ + (—7u?v—2v3)Z+ 
+(u?—4uv?)W}? 
= —}(8ut+ 6u?v?+ 3v4)v2X2—9(4u8+ 4u4y?+ 21u2yt+ 6%) Y2— 
—$(6u8+- 2luty?+ 4u2vt+ 40%) Z?2—3(3u4+ 6u*v?+ 8v4)u? W2#— 
3uv(—8ut+ 4u2v?— 3v4) XY — Zuv(—3ut+ 4u*v?— 80!) ZW+ 
+ 3(2u®+ 20u4v?+ 9u*vt+ 6v*).X Z+- 
+ 3(6u®+ 9utv?+ 20u?v4 + 208) Y W— 


— 3(4u4+ 3u2v?+ 404)uvX W +18 usv3¥ Z. 


s 
i 
Q 
a 


Therefore, we have 
Q(X, Y,Z, W) 
= (8ut+ 6u2v?+ 3v4)v? X24 3(4u8+ 4utv?+ 21u2vt+ 6%) ¥2+ 
+3(6u8+ 21u4v?+ 4u24+ 4v8)Z2+- (34+ 6u?2v?+ 8v4)u? W2— 
— 2uv(8ut—4u2v?+ 3v4) XY —2uv(3u4—4u?v?+ 804) ZW — 
— 2(2u®+ 20u4v? + 9u?vt+- 6v%)X Z— 
— 2(6u°+ 9utv?+ 20u2vt-+ 28) Y W + 
+2(4u4+ 3u?v?+ 404)uoX W—90u8vY Z. (8) 
3. We put n, = 0. Then W = 0. We have then 
‘Q(X, Y, Z, 0) 
= (8ut+ 6u2v2+ 3vt)v2X2+ 3(4u8+ 4u4v?+ 21u?2v4+ 6v%)¥2+- 
+ 3(6u8+ 21utv?+ 4u2vt+ 408) Z?— 2uv(8ut—4u?v?+ 304) XY — 
— 2(2u®+ 20u4v?+ 9u2vt+ 6v*) X Z—90u3vY Z. 
It is the object of the section to prove that 
Q(X, Y, Z,0) > df{(u?+ v?)*v2X2+ (u?+-v?)3(Y2+ Z*)}. 
Thus, for v > u, 
Q(X, Y,Z,0) > 4(u?+v?)3(X2+ Y?+ Z?). 
Evidently we have 


7S =e Send 2 a 
Y? = 4m?(m,nz+mMg Np)? > 16mim, Mg NyNzg = GXZ. 
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Therefore 
Q(X, Y, Z, 0) 
> (8ut+t 6u2v?+ 3v4)v2X2+ 9(uS— 2u4v?+ Yuryt+ vs) ¥2+ 
+ 3(6u®+ 21uty?+ 4u2v4+ 408) Z2— 
— 2uv(8ut—4u?v?+ 3r4) XY —90u5v YZ 
dy{(u2-+02)v2X2-+ (u2-+-02)(¥24+ Z2)} + 
+ (78u4 + S8u2y2+ 28974) y2X 2— 2uv(8ut—4u?v?+-3v4) XY + 
+ (38244 — 1839 2)2 + 812974) 2 2+ 
+ (18u?-+ $8? )ot V2+ (178? + 8237p?) ut Z2— 90u3 8 Y Z 
> f{(u?+v?)?v2.X2+ (u?+-v?)3(¥2+ Z?)}, 
since 
(79u4+ 58u2v2+ 29v4)(89u4— 183u2v?2+ 312vt)— 107(8u4— 4u?v?+ 34)? 


> 600u— 3000uSv?+ 10000u404 > 0, 
and 


(180u?-+ 89v?)(179u?+ 627v?) —4502u20" 


> {2v(180.179.89.627)+ 179. 89+ 180.627—450?)u*v? > 0. 


4. It is known that 


[ {R(y)—ay} dy 


r(v) 
mn Le " Jp{é 2ar,/(va ry}, 





where r(v) is the number of solu- 
tions of the Diophantine equation 


9 | 2 


x*+y 








= Vv. 





Evidently, we have 
x 


: dar ~~ dof 2m,/[(m?-+-n*)a]} 
[ (RW) —ay} dy = & > > Beeler teed 
( m=1n=0 


7 m*+-n* 
0 


Let C denote the region bounded by the heavy lines in the figure, 
and ©’ denote the remaining part in the first quadrant. It is easy 
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to deduce that, if 0 < a <1 (we shall put « = }3 later), 


ria* rt2* 


, F — aly JS Qa.) (m2-+-n2 
J {R(y)—ny} dy = 4 | >> “wittedlint WD ay 4. 
+ f(y elena 
=), +{2,}3**, say. 
Now J{22,/(vy)} = Envoy} of - i) 
m(vy)* (vy)* 
eens > ie of fF is y* ay) +(e"), 


where 


e2ziv{ {(m*+n*)y} 
ies” > - (e—a*<y<ax+e2%). (10) 


(m2+-n2)* 
Similarly, we have 


Y, = Ofy*|y))} + O(c"), 
where 
e2ziv{((m*+n*)y} 


in * Zz (z—2* < y < 24+ 2%). (11) 
(m2-+-n?)# 


Ifm < a, then 
- e2riv{(m?+n*)y} | a 1 > l 
lea aes 


J (m2-+-n2)# a =, = (m2+-n? )i 


Maozrw : m e , 
=e 3 oe Ps z +) 


m<ace n= n=m+1% 





i 


ll 


Oly > m™*) = O(x** #6) = O(a*). 


m<a% 


» = 
The same result holds for n < 2?°, 
1 
If m > x°, then 


2rriv{(m?+n*)y} | 3 l 3_1 
é A J 
y! > > i<y* > o(-) = O(x* 16) — O(x2), 
(m : n® m>zxt ” 
m> Sat 


1 
The same result holds for n > 2°. 
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26 
Let D be the region common to C and the square 


3 1 


2S < m,n < 2 


and D’ be the remaining part of the square. Thus 


1 e27 triv{(m®+n*)y} 
y*|d(y)| =y* I, » ' + O(x%) 
| (m?+-n? 
e27iv{ {((m?+n *yy} | 


and y* t b(y)| = yf he + O(x?*). 
m?+-1 


5. Now we consider a sum of the form 
mM ON’ ; 
we Int ya 4 "4 ON 
> eine, M<M'<2M;N<WN'< 2N 
m= M n=N 
where f(m,n) = 4/{(m?+-n*)y}. 
tion and let L = max(m,n). 
-_ 2 
wee L= x. (14) 


If M’—M < x*, we have S = hte so that, by Lemma I, 


S = 
Let R denote the domain of summa- 
Now the terms considered satisfy 


e27t i m,n) 


gf Pe (m?-+-n?) <—— ia bias 


and 


e27i fim, n) 
“22 ee 
(m?-+-n?)4 


A similar result holds : N'—N <: 


1 . 
x*. We may therefore suppose that 
1 1 
M'—M > z'*, N'—N > 2°. 


Applying Lemma 2’ once and Lemma 2 twice, we hav 


S = O( Lp *)+0| Lp ( >! I 


silts eo ale 1} rhe PS ge jy] 


=, | m,=1'‘m,=1 m,=0 


pa} .x ‘is 4 | S@ FFA. 


= O(L*p #)+ o[ Lip 
2 nz 1*m,=1 nz=0 ‘mMs=1 Nns= 
provided that 


where 
SY = &, = > > green, g(m,n) = vx G(m, n) 


with W = 0, and S?), SY, SY are corresponding sums with (— mz, ns), 
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(m3, —N3), (—m 3, — 3) for (ms 3,%,) respectively. We may suppose 
that v > u (by symmetry). By §3, we have 
(X?+ Y?+ Z*)an 
Dg " 


Juu Iu —Geo = ri (XP+¥2424)+-0| 


> AT, (X*+ F242"), 


where A is a certain constant, provided that 
p = o( L?). (19) 
In fact, since » = O(p?), 
(X24Y24Z%0m _ pfe(X®+¥24Z%)p%) _ (a(X24+¥24-Z3) 
L? 7 a =? ae 
6. Since X = O(p*), Y = O(p*), Z = O(p*), we have 
. vet) (2‘e%n) a (=e'), 
Iuu = of IA +0 L = 0 IA 


since » = O(p?) = O(L). A similar result holds for g,, and g,,. 
Hence, if co alg” *p-4 
with a sufficiently small a, the variation of g, and g, in a square of 


side J is less than }. Suppose the region of summation S, divided 


into such squares or parts of such squares. Then to each square 
correspond integers p, v such that, if 


h(u,v) = g(u, v)—pu—vr, 


then |h,,| < ?, |h,| < #?. Hence, by Lemma 3, for each square 


v! 
> > ctr) — If e27ih(usr) dudv +-O(I). 
By §5, we can take (in Lemma 4), 
2 — A= (X*+Y¥?+ 23). 
Also r, = O(1), = O(x*p*L-), 
so that the condition (5) of Lemma 4 is satisfied if 
Lp < K, Ax®(X?+Y¥2+Z2). 
Lemma 4 also requires that lr; < Ky, 
i.e. IS < K,(X?+Y?+4+2Z?*)z. 
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Since X?+ Y2+ Z? = O(p8), (21) is satisfied if (20) is satisfied. 
Hence, if (20) holds, Lemma 4 gives 
[ [ e2rihtur) dudv = of i a } 
a c(X2-+¥2422) 
assuming that L = O(x4). 
The number of such terms is O(L?/l?), provided that 1 < L. Hence 
S, = o(— eo )+(7) 
palxetyeyze)t) NI 


. : 8 

ate o(- a? p® log x ) a o x? *p® log x ), (22) 
L*(X24+Y2+ 22)? L?m,m, Mz 

with the restriction (20). The result, of course, holds for SY (i = 2,3, 4). 


7. Substituting (22) in (17), we have, for v > u, 


L* (e=1 ex Pp 
o( | ss ) 
ale, 3 (3, 2. | ) | 
L* (2? plog x\h( e-1 pc? ses i 1 4]4)4 
=O wy E : — 2 
Ga" ? (212, z= (>. a aie | | 
= O|L*p *x**(log x)*. p(log p)*) 
= O|L*p*x?*(log x)*} 
provided that (20) holds. 
Next we consider the sum of those terms which do not satisfy 
(20); we have the inequality 
X24 ¥24 72 — O(L'ptx*). 

Consequently we have m, m, mg, = O( L%p ty?) M Ny Nz = O( L8ptx*). 
Since S, = O(L?), the terms for which (20) is not satisfied contribute 
i ie i ee 2]2\2 

(2 TS Ee oak Pe 


m,=1'm,=1 2=1 \m,=O( LE ptxtmi'ms') ny=O(Lip*x tiny") 


— o(t4p*t("F ['S 4 L?p2x tmrtm; ins *}*}) 


m= m 1 n,.= 


17 oe p—-1 e= 1 "aa 1 1 1 1 } 
== O(L¥ px | | + =] ) 
2 2 z (mM)?! my 


m,=1 ‘m,=1 Nz 
eo a 1 17 1 1 
—_ —-ly 16,2) — “8p 27 16 
= O(L* p x *%p ) = O(L* p x 16), 
(The terms with n, = 0 contribute an insignificant order.) A similar 


result holds for v < uw. Therefore 


S = O(L2p *)+0| L?p?x**(log x)*|4+ O(L* p #x**), 
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The first two terms are of the same form if 
, —4. ae | 
= [ Ltx 16 (log x) +], 
and, if this is a permissible value of p, we have 
S = O| L4x#¥(log x)*) +O L’ ® x “F¥(log a)*} = O| L4x?* (log x)}*. (23) 
Now we shall verify all the conditions. The condition (18) 
1 <p? = Lx *(logx)* < }2* 
can be written x*(log x)? — be a*(log x)?. 
This is always satisfied, since } < 4 < }< }. The condition (19) is 
L*x*8(log 2) *—1 <p= o(L*). 
This is always satisfied. 


8. By Lemma I and (23), we have 


e27iv ((m?+n*)y} 


(73-3 sk 4) 
= O\ L* *x**(log x)* 24 
} (m2 24 n2)t \ ig x)* (24) 
e2ziv{ (m?+n*)y} 
and ie y = Oo L® ?x*? (log «)*}. (25) 
(m?+-n?) 
Now we divide the sum 
z pas e27iv{(m?+n*)y} e $3 (> 3 a 
— 3 . 
* J 
(m?-+-n?) bE a 
2 


By (12) and (24) we have, taking L, = 2*°, 
1 . s- & : 3 1 
y*|d(y)| = O(z > > {max(2”, 2*)}*2*#(log x)*)+ O(z*) 
p=l1dq=1 
roi Ola? Li (iog x)*} + O(a) 
= Ofx(log a 5}, 
Similarly, by (13) and - ) we have 
ys v(y)| = Ox s s {max(2?, 22)}~*a** (log x)*) + O(x***) 
p=1q=1 
= O|x** (log x)*} + O(x***) 
= O\22(log x)*}. 


Thus we have 


| {R(y)—zy} dy = Ola x(log x)* 8) 


x 
Hence, in the usual way, we deduce easily 


R(x) = 7x+O{2x**(log x)*| 








SUMMATION FORMULAE AND SELF-RECIPROCAL 
FUNCTIONS (IIT) 
By A. P. GUINAND (8.C.A.F.) 
[Received 13 December 1941] 
1. Introduction 
In several previous papers I have discussed the connexion between 
certain self-reciprocal functions and summation formulae.* 
The results were also connected with Dirichlet’s series such as that 
for the Riemann zeta function, 
(ie) = 5 a~, 
n=1 
which satisfies the functional equation 
(s) = 2(27)8-! sin $s7T'\(1—s)f(1—s). 
Now the Dirichlet’s series 
= ¥ A(n)n- *(1.1) 
n=1 


is of importance in the theory of prime numbers.+ Further, it 
satisfies the functional equation 


~ ° (s) —=(1—s) = (s)—4z tan $s7—log 27. (1.2) 


r 


This suggests that results analogous to those of the previous papers 
may also be derived from this Dirichlet’s series. 

In the present paper I discuss several such results. The results 
obtained are all equivalent to previously known formulae in the 
theory of prime numbers, but I now show how these formulae may 
be regarded as results in the theory of transforms. 


* A. P. Guinand, Proc. London Math. Soc. (2), 43 (1937), 439-48, referred 
to as (A); Quart. J. of Math. (Oxford), 9 (1938), 53-67, referred to as (I); 
ibid. 10 (1939), 38—44, referred to as (B); ibid. 10 (1939), 104-18, referred to as 
(II); and J. of London Math. Soc. 14 (1939), 97-100, referred to as (C). 

+ A. E. Ingham, The Distribution of Prime Numbers (Cambridge, 1932), 
17 and 73, where A(n) = logp if n is a power of a prime p, otherwise 
A(n) = 0. 
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2. Preliminary results 

By analogy with the results of (A) and (I) we expect to find, 
corresponding to (1.2), a self-reciprocal function with respect to the 
transformation of Fourier’s type for which* 


This gives rise to the transformation 


1 ,/1 1 r dt 

T,{ f(x)} = - —={ t) —, 2.1 

sisted} = 2A(Z)—; | 104 (2.1) 
1/x 

which was discussed in (B). Another transformation used in the 

sequel is obtained if we put 


K(s) = 


o—«a 
sta—l- 


We arrive at the transformation 


TAf(x)} = A({)+@a—De ( t*-1f(t) dt 
a \x : 
l/r 
if R(«) < 4, and 


Te{fle)} = 7 


~ De 


We also need the following results:+ 


1 
x 


l/r 
}+(1— 2a) [ ¢-If() dt 


: 0 


xP ] 
>’ A(n) = x—log 2x— ead 4 log(1— -) (2 >t), 
p oft 


naw 


A(n) _ a a x? 1 , r+1 ; “a 
— log x—y- = 7+ Hog(= (wv >1). (2.5) 


now P 


p 


The sums on the right-hand sides are taken over the zeros p of {(s) 
in the critical strip, and are to be interpreted as 
‘ x*P 
lim —. 
T+2 _ riip<r P 


* We are using the notation of E. C. Titchmarsh, Introduction to the Theory 
of Fourier Integrals (Oxford, 1937), Chapter VITI. 

t+ A. E. Ingham, loc. cit. 77 and 81. The formula (2.5) appears to have 
been stated incorrectly in this paper. 
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7 A(n) = xt O(xe-evlog 2)), 


nor 


/ A(n) = log x—y+ O(e-avre 2), 
n 


nS 


where @ is some positive constant.* An immediate consequence of 


(2.7) is ¥. A(n) 
nc ea OO, 
tim [> “2 tog} = -y 


n=1 


3. The self-reciprocal function 
By analogy with (A) and (I) we expect to find that a function 


involving 1 


$y(x) = —| >’ A(n)—a (3.1) 


x | 


no 


is self-reciprocal with respect to 7}. 


] aP- 
Put F(x) = $,(x) += a +A (z) (3.2) 
lee p 
where 
1 lo 1+2 
dz? 1—z 
A(x) = (3.3) 


5, (log 2a+y) + {-log(x*—1) (x > 1). 


We can readily verify that 
T,{A(x)} = —A(@). 


Further, the transform of ¢,(2) is 


a , d 
Thih(x)} = st) 3 | ,(t) . 
1x 


It follows from (2.6) that the integral is absolutely convergent 
since it is f F 
F [ ze-a dz}. 


ty} |. 


Hence, if V is an integer and y = 1/2, 


x 
o| [ e—av (log t) ' 


x 


: , 1 Fs , lt 
Teld(x)} = |S An) —}—= | (Sai) 5 
ie 


* A. E. Ingham, loc. cit. 65 for (2.6). We may prove (2.7) in the same way. 
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y+) = 
= Vv’ A(n n)—t)¢ 
ZAm—v-v | (S, 
-y { (y A(n)—t} & an v | HOF 
[y+1) N+1 
’ ;¥ ‘ at 
= Y' A(n)—y—y|_ A(n)} | 
n<y n=1 
y 
n+1 
N ‘lt 
—¥ _& j{AM+AR)+.+ AM} | et 
n=(y+ 
‘dt 7 lt 
ty {4 Tay | $105 
, N+1 
=F’ A(a)—g—( Fagoiti—_2 | — 
ey Pal Wea) 
= s {A(1)+A(2)+- +A(n)} = l \4 
" 1 a 
N+1 r lt 
+y log sage b(t) > 
N41 
{y] 
an = —| \fy a = 
= 3 Ain y >> A(n)| \) Tyra 
y ate y nd 
N co 
S A N+1 1 dt 
—y > AP + ylog——y | $05 
n=[y+2] —— y a! A 
{y] 
= iy A — — A cn y = 1) 
ZAw-9— Fae) otd+ 
y (< A(n 
+H 2 MD, — 
WA \(n) 
ty > Ae —% J p(t 
n=1 
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If we make N tend to infinity this becomes 
("e 1) 
A(y)+ ry) i A( a og gy| — a ony A([y+1])+yy, 
where A(y) is zero if y is not an integer. This is equal to 
y| py A(n)—logy+-y| = -{ Py A(n)—log-+7| 


aad nsl1/zx 


- (x) say. 


Similarly, we can show that 


Toi Po(x)} (2). 


p-1 ] +x 
= aeons log, ~ (2 <8), 
p Se 3 x 
p2(x) = ‘ 1 
er -log x 
eo o£ 


Now, by (2.5), 


and by (2.4) we can write this as 


oe 145 ~ logs 


o(2) = 


Hence the siceeen of 
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Also, the transform of 


Fn) +5 > = $a(e)—A@) 
3 Pp 
' 1 aP-l 
is $,()+A(x) = F(x)—  S . 
Zia p 


Adding these results, it follows that F(x) is self-reciprocal with respect 
to 7), and we have 


’ THEoREM 1. The function F(x) defined by (3.2) and (3.3) is self- 
reciprocal with respect to the transformation T),: that is 


We would expect to be able to derive a summation formula from 
this result by the methods of (I). This cannot readily be done with- 
out a series of involved assumptions, so I shall only derive a formal 
result which will indicate the type of formula to be expected. Any 
particular case of the result can be investigated separately, and I give 
an example to illustrate this. 

Suppose that f(a) tends to zero as x tends to infinity, that 


es | 
g(x) = —2s(2) 
and that f(a) and g(a) are the integrals of their derivatives. Then 


are Ar) +34) 


“3 

_ 1 lef _1 f pray 

~“ (7) =| £05 
l/r 

= Thy{xf’(x)}. 


By the Parseval theorem for 7, transforms we have, formally, 


[ af’ (a) F(x) dx = [ xg’ (x) F(x) dx. 


0 0 


From this result we can derive a formal summation formula by a 
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series of partial integrations, as in (I). The final result may be 
written in the form 





N ¥ 
lim | > A(n)f(n)— [se ) de} = = lim Is s A(n)g(n)— | g(x) dx\— 
N+ \n=1 N “a Ff j i 


— #(log 27+-y) f(1)—5 Ste 








2+. z } 
2 a 1 
r f(x)—f(l 1 f f(x 
L (LO-FO g, | f@) a | 
2J |r—1 2J z—1 
0 i 
x | 
—> | f(a)aP-! da. (3.5) 
"% 
Forexample,ifweput f(x) = e-® 
in (3.5), we get 
“ ] ' a 
> A(n)e- = —+ysinh a—log a+-e-* log — + 
n=1 a 27 
a x 
A(n 
2 | cosh(t—a)log t dt + S \ Ma e-aln)— > T'(p)a-? 
Pa nv p 
0 n=1 
This result may be verified by considering the integral 
ir ys 
— M > ( s)| I( ja-s ds > 
270 | a r' $) 
around the contour 2+77', —$+:T. 
4. Further self-reciprocal functions and pairs of transforms 
The self-reciprocal function of Theorem 1 was equivalent to the 
formulae (2.4) and (2.5). These formulae are limiting cases of the 
more general result* 
= ad . -—2n—8 “p—s 
~v ; a £ x x 
S Ames 2 Ly SEY: 
c =—~@ 2n-+8 5 
‘sia $ n=1 Tv —F | 
(x >1;8 ~1, —2n, p). (4.1) 
Ls : , 
This suggests that there may be a corresponding extension of | 
Theorem 1. However, we cannot prove such a result without some 
assumption. We need the result 
EP Se | 
tim ¥ A(nn-+— —} = —=(s) {R(s) > }}. (4.2) 
2 \n= 1—s| 4 } 
* E. C. Titchmarsh, The Zeta-function of Riemann (Cambridge, 1930), 81. | 
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If we assume the Riemann hypothesis, then (4.2) follows from 
(4.1), and an argument similar to the proof of Theorem 1 gives us 


THEOREM 2. If the Riemann hypothesis be true, and 


ttle, he. 


pL 
+5 > 5, tal, 
p 


nsx 1—a 


F(z) = zt >’ A(n)n-* — 


where 


oa) 


>> —— seat 
2 2n+1—«a 


n=0 


T’ lw 7-2n-1 

1 oil 9 1 an x)\—2 ad = 

4x Peete 7 r y 22, uta (x >1), 
1, (1 : 

' (x) = T,{F,(x)} = Pele) + @a— 1) t*-1F (t) dt 
. “ J 


for 0 < R(a) < }. 
In the particular case « = } the transformation reduces to 


1,/1 
T. f = — 
if (a)} A(z): 
and we can use (4.1) to show that 
1,,/1 
B(x) = “A()) 
os “e 


without the Riemann hypothesis. 
Now, by analogy with the result of (C) we would expect to find that 


, 1,/1 
F,_,(x) = Fel 2) 
or some similar result. We have 


Fase Jn) = [Zam —S)4 5 
p 


nor 


| > A(nn-2—F 1455) — + 


<i/x —a . p—l1+a 


- gan er - of st | 
> apa [zt p Aa) @<D, 


n=0 


re) ga-2n-1 M t’ 
~) or (9) +5-(1—a)] (x > 1). 


n=0 


— 
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For « < 1 this becomes, by (4.1), 


a >’ A(n)n-* —— my sal 


ns <ijx —a/ ver 


gent - 


+> npat 
—5(1-0)}. 


For zx > 1 it becomes 


ener. se 


x+[ Aan —=4 > = 
| 2A) ‘ he ? p—i+ a ‘i; 


S x —2n—1+a aX —1 
2n+1—« “tao 


n=1 


ip 


Hence, for ¢ 


Thus, if we put 
then we have 


THEOREM 3. Jf « #1, p, —2n, and x > 0, then 


x x 


H(z) = + H,(°), 


where H,(a) is defined by (4.3). 
We can now use the results of Theorems 2 and 3 to deduce a result 
corresponding to Theorem 2 for } < R(a) <1 


Now, for R(f) < 4, 
T {xP 2} = w-P+ (2B—1)x8- | 8-2 dt = 0, 


lx 
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and hence, on the Riemann hypothesis, 


Fale) = 2a) +4 [5 0—-p)—$ 


1 1 
= Fy(2)} = T{-F-o(2)| 


= F,_,(x )4+-(28—1)28 f uP-2F, “ 


4 1-p(« )+(2B—1)08 | t-8R,_g(t) d 
0 


Hence, 
F_o(x)-+42-8(© (1—py —£ (p)| 
om Fa) + 08-1? J t-PF,_9(t) dt 


= T,_p{F,-g(x)}, (4.4) 
using the definition (2.3) for T,_g. Also 
1/x 
T, p(x} = «P14 (28—1)a-P | t-*8 dt = 0. 
0 
Hence, if we put 


Gy(e) = Fea) +40 [F (0) 5 1—a}, 


we have T, gf G-p(x)} = G1-9(@). 
That is 
THEorEM 4. If the Riemann hypothesis be true, and T, and G(x) 
are defined by (2.3) and (4.5), then 
TAG(x)} = G(x) 


for} < R(a)<landx>0O. 








INFINITE INTEGRALS INVOLVING STRUVE’S 
FUNCTIONS 
By B. MOHAN (Benares) 
[Received 9 May 1941] 


1. THE object of this note is to evaluate some infinite integrals 
involving Struve’s functions, defined by the formula* 


z)y+er+ -1 


=> nA (r+3 Pwirdt 3)" 


It is supposed throughout that the constants a and b are positive, 
and the parameters v, m, n, p are, for simplicity, supposed real; the 
formulae are, however, valid in suitably chosen complex domains of 
both constants and parameters. 

Let Ee 
' [ eP-le-an' H (bx) dx (v+p+1 > 0), 


0 
so that 


x 
- @ 


gP-le—az* 


0 ina 


(— 1)"(ba)"+2r+1 


: —— or 
, PAL OPO HD) 


co 
x 


__ 1 \rAv+2r+1 ° 

> — av +2r+De—ax* dy 
Qr+2rt1P (r+ 3)P(v-+r+ 3) 

r=0 ™ aie ° 

the inversion of summation and integration being easily justifiable. 


Then 
x 


oo > (—1)rbrt2"11 (4 vtrt 4p+4 ) 


‘ Qv+er+2D (r+ 3)] \(v+r+ g)aivtrtipts 
, 


b 1D (4v+4p+43) ¥ (=) 
TO O+ Hare 2, 229, 
where (a, 7) = a(a+1)(a+2)...(a+r—1), 


Thus we have, for a > 0, v+-p+1> 
( xeP-le-ax' (bx) dx = 


0 


2’+174T (v4 3)atv+ thp+h 22 


bel (dy+- 4p 4) n(! ly+ip 
3 


,v+3 


* G. N. Watson, Theory of Bessel Functions, Cambridge, 1922, § 10.4 (2 





ON INFINITE INTEGRALS 
Particular cases 
(i) p = 1 (with vy > —2): 


_ | AD (4v+1) +1 @ 
| e H,(bx) dz = ovtipip (v+ 3)aiv+t ? 2 (| 3 v+3 ; -5)- (1.2) 


—ax* FT (} dx = b? FJ1.8: b? 
fe (bx) * = oan *3 oe 


“ ; : 
| e-ax H_,(bx) z= J| 2 a (2s i= 


0 
(c) y= 4: 


is 8) 
fad 


e-ax* ; b2 I(t) p b2 
ie" (1—cos bx) dx = > he - -5). 
0 


(ii) p = v+2 (with vy > —3): 


Q+lpigv+i PI 4a 


- : prt b2 
xv tle-r H (bx) dx = ; F, (1; 3— =) 

0 
In particular, if vy = 4, 


xe-*'(1—cos bx) dx = a A 1 


bvtl b2 
es A(Le+ hs 7): 


~ 2r+2qiT (v8) 4a 


xle-“"'H (bx) dx = Ss exp 2 ; 
a (2a)! 4a 


. Na 
| e-@=*(1 — cos bx) dx = - 
2va 


0 


which is a familiar result. 
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(iv) v = 3 (with p > —3): 
[ zP—ie—ex*(] —cos ba) dx = 


0 


If we put p = 3 and p = 3 in this formula, of 
get (1.7) and (a) again. 


(v) v= —} (with p > —}): 


~ ‘ b\ r4+43 
aP-le-ax' H (bx) dx = Js) M(t+3p) i (}+4ps 8 


2Qr aitip 


0 


which, of course, reduces to (1.9) if we put p = $. 


2. Following the same procedure, we get 


[ xP 1K (ax)H, (bx) dx 


0 


27-1p"+1P'(4n+4m+43p+43)0(4n—4m-+ $p-+ 3) 
ma"+P 11 '(n+ 3) 


= A" kn+4m-+4p+4, 4n—}m+hp+3, 
N32 


3n+3 
with n+p > |m|—l. 


Particular cases 

(i) n = 3 (with p > |m|—3): 

~ : : 2r-8h27' (3+ 1lm+ip) (2 
x?-4(1— cos bx) K,, (ax) dx = Gre 2p )l\s 
p qpti 
0 


3.1 
xh” , 


(a) m = } (with p > —1): 


4 ber(1+ 
| xP—2ex(] —cos ba) dx = ite 
: 2aPt! 


0 











ON INFINITE INTEGRALS 43 


In particular, taking p = 3, p = 1, and p = 2, we get the ele- 
mentary results 


[ we-2(1—cos br) dx = : 5. 3. —3) (2.4) 


’ az 
0 


r —ax 2 
| : (1—cos br) dx = F 12:5), 
) 


E 7 a 
¢ 
oO 
e-*=(1—cos ba) dx = — 
A ( ) a(a?+-b?) 


3—m (with m < 3): 


4 = 
— cos bax p K,,(ax) dx = ee F(L }—m;2; 5} (2.6) 


gm Qm+1q3 m 


If we put m=} and m = —}, we merely get (2.5) and (8) 
again. 
3+m (with m > —3): 


~ Qm-1p274 
| «”"(1—cos bx) K,,(ax) dx = 


qmts 
0 


(+m) F(t, $-+-m; 2; — 
Since K,, = K_,,, this is really the same formula as (2.6). 
(d) p = §—m (with m < 2): 


7, f 


K,, (ax) dx = 


@ 
- 1—cos bx b?T(2—m 
( ) FP ,2—m; 


gm 1 Qm -lq 4—m 


0 
(e) p = +m (with m > —2): 


2m+1521'(m-+ 2) 


| a2m™+1(1—cos bx)K,, (ax) dx = qmt4 


F(t, m+§ 


which is really the same as (2.8). 


(ii) m = } (with n+p > —}): 


. 9p-thn+l ‘ee 1 
[ 0-te-0r fF (be) dx = 27-1h"+1P(3-+-3n+ dp) (t-+3n+}p) 


na PAT (n+) 
$+4n+4p,}+4n+}p 
. 1A(* , n+ 


For n = } this formula is the same as (2.3). 


0 


:- 3) (2.10) 
a 
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H, (be) dx = —_"_ Pf Boe 
_— H (bx) dx = - ,1;n+38; ——}- 
a n(O2) 2"7ta?T' (n+ 3) ( a a 
For n = —}, this formula becomes 

2b ] 


- —ar ° .— —j} — 
| ate-“*H_,(bx) dx = J) ee 


0 
(b) p = 3+ (with n > —1): 
9f\n+il 
ererte+h P(n+s8 


ma2n+2 


fame-aeH, bx) de = 
0 


A particular case is 
4b? 
mat 


[ ve" H (bx) dx = 


0 


(c) p = 3—n: 
~ hrt+l 


e-ae 
: H (bx) dx = F(1,2 
| gn-l n(Oz) 2"-172T (n+ 3)a* 

; 3 

When n = —}, this becomes 
= 2lavl 

wie-°7H_,(bx) dx = ae a =e 
. a (a?+-b?)? 


0 


= §+n (with n > —3): 


27+2hn+1P'(n-+ 2) 
— Fil, n+2; 2; 


mraz" +3 


r grtle ~ax FT (bx) a= 


= —} (with p > 0): 


8) , 9 
| Plex H (bx) dx = JE) l'(p) (ip, +p; 3; 
’ a} aP lena: 


0 


3) 


For p = 2, this becomes (2.12). For p = 
j —axr . . | / b 3 5.3. b? 
| e H_,(bx) dx = al cas Ff 3 ’ 3; -3): 


0 


3, we get 








ON INFINITE INTEGRALS 
(iii) p = 1 (with n > |m|—2): 


Ps in b°AD(4n+ 4m-+ 1)P(4n—4m+1) 
; K,, (ax)H,, (bx) dx = aD (n+ 3)va a Ie 
a | 2 
re tibia > ™ ort. a) (2.20) 
2N+3 


(a) m = +3 (with n > —3): 


a 
- eax hnr+l 
H, (bx) dx = + 3 
Var 2a" tins 
0 
When n = —}, this becomes 
o 
P e-ar 
—— H_,(bx) dx = 
Vax a 
0 
For n = #, (2.21) reduces to 
ie @) 
- e-ax ‘ 
Hi, (bx) dx = F{1, 2; 3; =]. (2.23) 
w ”* 
0 


(6) m = 1+ n (with n > —3): 


ss n+1 ’ 
K,, (ax) H, (ba) dx = aan (1, 33 - —hHe (2.24) 


0 


For n = }, this becomes 


3 4 
K,(ax)(1—cos bx) dx = IG 
° ie 2a° 


0 
(c) m = 1—n (with n > —}): 


% prt 


[ K,_,,(ax)H, (bx) dx = 


0 


—. F(1,n+4, 
a"+2(2n-+-1) ‘ 


(d) n = —} (with |m| <3 


( K,, (ax) H_,(ba) dx 


m 


0 
AT (3 lm) (2—1m 
Pe (¢+4 2) | mar n) Fp $-+-4m, 3—4m; 3; 
aiz 
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(iv) p = 2—m—n (with m < 3): 


~ x bx n+l = m—3 2 
K,,(ax)H,, (62) dx = 6 Me hn - Fi 1, 3—m; 3-+-n; aes 
gmtn- 1 Qm+n]J ($+72) « « a 
0 
(2. 
(a) m = —n (with n > —3): 
"2K (ax)H, (bx) d sta (: 
x ; a2 = : 2 
| ees OR Se) a"+1(q?+-b?) 
0 
(b) n = —} (with m < 3): 


1T/3 
a WE: —m) 
Qm iqm 


m\“*! H_,(bx) dx = 


[ K,, (ax) (a2-+-b2)m-4, (2.30) 


ym —3 


0 
(v) p = 2+m—n (with m > —3): 


50 


tmnt 4 x bx a — 
’ x K,,(ax)H,, (bx) da a” 3D(n+3) 


9m—npn-+ 1D(m+ 3) 


“w 


. 8 
x F(Lm-+tsn+8 _ ) (2.31) 


a* 


(vi) p = 2—m-+n (with n > m—3 and n > —3): 


ie) 
, nm—m+1 I ‘ ; . 
| ar-m+1K), (ax) H, (bx) da 
0 
9n—m+1p_n+1P\(3__ | 2 
— b PG m+n) Fil \ eta (2.32) 
22 —M43 /ay 7 Soa a> 
For m = —} (with n > —3) we get 
= Qn+2pn+1P (+2) : b2 
| a®+le-ar HT (bx).dx = —— F(1,n+2;3;——). 
F Q2rt37 a> 


(vii) p = 2+m-+n (with n > —$ and n > —$—m): 
[ emintlh (ax) H, (bx) dx 

0 

cher ; b? 
F{1,$+m-+n;3;——\}. (2.34) 


Zmtn+1pe+iP( $+ m+n) 


h +9n +8 
qriqmr2n +3 
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For n = —} and m > —1 we get 


| a +tK (ax)H_,(bx) dx 
9m 5 2 
_ 2n'(m+1) (>) (1, 1+-m; 3; —3). (2.35) 


7 


qmt2- 
—4 (with p+4 > |m)): 
“3 9Qp-1piP(1+1 1 ae 
[ 21K, (ax) H_ (ba) da = > “PP dent bp (d— dent 49) 
7 7T* 2 


(vili) n = 


, b? 
x F(t dp, dnt ps 5). (2.86) 


Particular cases of this formula have already occurred above. 











A MEAN VALUE THEOREM CONCERNING 
FAREY SERIES 


By A. E. MAYER (Lancaster) 
[Received 18 June 1941; in revised form 18 January 1942] 


THIS paper relates to the Farey series of order n > 1, that is, the 
ascending series %, of irreducible fractions between ° and } (inclusive) 
whose denominators do not exceed n. If 
Ay ay 
bo ‘ b,’ 
are the reduced forms of three consecutive terms fy, ¢,, tf, in §,,, it 
is familiar that* , 
Ay U+Ay (0.1) 
b, by +6, 
and a, b,—a,b, = 1. (0.2) 
The first of thése fundamental properties suggests that we should 
find the position of the middle term (a)+a,)/(b)+6,), called the 
mediant of a,/b, and a,/b,, among the usual mean values of these 
neighbouring terms; but there is evidence that neither the arithmetic 
mean nor the harmonic mean is comparable} with the mediant. For 
example, the first half of ¥1» is 


0 1 2 2 & 2 ft 2 
1? 10° 9° 8? 79 6 59 9 4> 


Here ;3; is less than the harmonic mean (with unit weights) of the 
adjacent fractions,t while, e.g., 3? is greater than the respective 


A232 2 tee 2 4 2 
7? 109 39 89 59 79 9» 2° 


arithmetic mean, and no simple law is obvious that would allow us 
to foresee when the one or the other of these possibilities will hap- 
pen.§ Yet, once any particular %,, has been constructed, it is easy 
* See e.g. G. H. Hardy and E. M. Wright, An Introduction to the Theory of 
Numbers (Oxford, 1938), chap. 3. , 
+ If understood as in G. H. Hardy, J. E. Littlewood, and G. Pélya 
Inequalities (Cambridge, 1934), 5. 
t This occurs for the first time in 9 if tf, 4, 4, are to be in the interior 
of the first half of %,. 
§ Apart from rules like the following, where %{ denotes the arithmetic mean 
of the neighbours of the term in question, and § the harmonic mean: 
UW, (< 9, 
¢ then (1-4), ~ Wf: 
(ii) iff, = 3, thent, << (n> 6); 
(ili) if 4, = 4, then ¢, = &; 
(iv) if ¢, , then 4, <§ (n> 3). 


(i) if {= 


’ 
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to discern both cases; for ¢, is not greater than the harmonic mean 
if Gj > ay, and not less than the arithmetic mean if b, < 6, (Lemmas 
2 and 3). 

We can prove that there is no other alternative. Hence no term 
of any Farey series falls between the arithmetic and the harmonic 
means of its neighbours (Theorem 5), and we shall be able to improve 


slightly upon this main result.* 


1. The relation of the mediant to the arithmetic, geometric, 

and harmonic means 

When trying to establish relations between the term ¢, of §,, and 
the familiar mean values of the neighbours ¢,, ¢,, one will, perhaps, 
notice first that t; never equals the geometric mean. 

The denominators of adjacent fractions in %,, are coprime. In 


particular (bo, b,) =]. (b,, bs) =, 


and therefore (b?,byb,) = 1. 


Hence, in view of (0.1), we have the alternative 


Ap tQs - ‘ 
as : 1.3 
bo tbe © J 2 sll 


l.e., for a, > 0, (1.2) 
Observing that f(z) = x+1/x is decreasing for 0<a#< 1, and 
increasing for x > 1, and that 
G Be 
ei 1.3 
ae — 
we may deduce from the fact that (1.1) and (1.2) are equivalent 
for a, > 0 the following lemma: 
Lemma 1. If either aj/a, >1, or by/bg <1, then the mediant is, 


respectively, less or greater than the geometric mean. 


This holds also for ay = 0. 


* JT wish to thank here Professor G. H. Hardy, who read an earlier version 
of this paper, for remarks which led to substantial improvements. In parti- 
cular, he suggested attending explicitly to the geometric mean (see the begin- 
ning of § 1), and conjectured Theorem 4, a sweeping generalization of the 
preceding theorems. 

3695.13 E 
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We can prove considerably more by comparing now the mediant 
with the arithmetic and harmonic means. We write* 


My(to, te) = {Ho +e) Pr”. 


M, reduces to the arithmetic mean and the harmonic mean for r = 1 
and —1, respectively. If t,¢, = 0, then Mt_, is to be defined as zero. 
Consider first the difference 
/ 


pe Gy ta, — am, (5° rd 


by +b, by’ bs 


between mediant and arithmetic mean. We obtain 


A (b,.—bp). (1.4) 


| 

Ata, 1 ( 5 ay by—Ay by 
' 

a 


b+b, 2 ~ 2b, b.(by +5.) 


Thus we have, with regard to (1.3), 

Lemma 2. If by = by, then A = 0. 

There is no difficulty in finding out when A = 0, for this is 
equivalent to b, = b,. In that case a, = a)+e, where « = 1 or 2; 
otherwise there would be more than one term of §, between a)/b, 
and a,/b, = (ay+e)/bp. Hence, by (0.1), 

a, = (2a)+€)/A, b, = 2b,/A, 
where A is a positive integer, and so, by (0.2), 
b, = 2/e = 1 or 2. 
The alternative 6, = 1 can be ruled out, and we find a,/b, = }. 

It is now to be recalled that along with a/b its complement (b—a)/b 
to unity is a term of §,; for both have the same denominator 
and, if the one is an irreducible vulgar fraction, so is the other. 
Hence the neighbours of } in %,, are complements to one another, 
and thus } is their arithmetic mean. This completes the proof that 
A = 0 and a,/b, = } are equivalent. 

Consider next the difference 

H= Agta, _ mM Ay As 
= Bs 
by) +b, by bs 


between mediant and harmonic mean, and assume, preliminarily, 


a/b, > 0. Then 
ar pote —2 /(2 4 2+} 


byt, Gy a 


* In accordance with Inequalities (op. cit.). 
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a,b,—a,b 
i.e. H = at Bs (a,—a,). 
(a,6,+a,b,)(bo +6.) * ° 
The latter holds also if a/b) = &. 
Taking (1.3) once more into account, we obtain 


Lemma 3. If ay =, then H 2 0. 

Since M_, (tp, t2) < Me, (tp, tg), we can combine Lemmas 2 and 3 into 

Lemma 4. If (a,—d,)(b,—bo) = 0, then (ay+4,)/(by +6.) lies, re- 
spectively, outside the interval (M_,, M,), or at one end, or inside. 

The case a,/b, = } is trivial, and we may ignore it for the moment. 
If we then represent the numbers, in the usual way, by points on 


a straight line, the point corresponding to the mediant divides the 
segment IM_, Mt, in the ratio H/A. It follows from (1.4) and (1.5) that 
H _ 42-4 gy —1/% 92), 

A 6,—b, * Voy be 
which amends the merely qualitative Lemma 4. 
We shall prove in §3 that always 
(a,—dy)(b,—by) > 9, (1.6) 
and this will appear to be a matter of elementary number theory, 
while so far we have made little use of the fact that the a’s and 
b’s are integers. 


2. A note on inequalities 
It seems worth observing that among the implications of our 
lemmas one—which has, however, no bearing upon Farey series— 
may be deduced from tolerably well-known inequalities. Let us sup- 
pose for the following digression that 
(a, —A,)(b,—by) < 9. (2.1) 


If so, Tchebychef’s inequality* is essentially 


IM (yy) M{ 


~) < an,(5*, 5) (r > 0), 


] 
by’ bs by bs 


unless the a’s or the b’s are equal. Therefore, under the same con- 


dition, Mi,.(A; Ay) 9 (° as 


oa P > op. 
M_,.(bo, bs) by 3) , , 


* Inequalities, 43. 
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Next,* M, (bo, bs) << M.(by, 52) (8 <r; 7r > 0) 
and so M_,(bo, bs) < M(Do, be), 


unless the b’s are equal. Hence we find that 


) (r > 0), 


M,(Ag, Ay) : 
M,.(bo, 6g) 


Ay Ae 


< m,( ar 


unless the b’s are equal. 

Finally, take r =1. Then (2.3) shows that the mediant is less 
than the arithmetic mean, if b, + b,. The same would follow from 
Lemmas 2 and 4; if (2.1) were true, the mediant would lie in the 
interval between the arithmetic and harmonic means, the latter 


included. Here again by + 6, is to be assumed. 


3. Numerators and denominators of neighbours, second 
neighbours, etc. in Farey series 


As a preliminary to (1.6) we prove the simpler 
THEOREM 1. The numerators and denominators of neighbours in §,, 
are similarly ordered. 
We call them s¢milarly orderedy if 
(a,—a,)(b,—by) > 0. (3.1) 


Our first proof is geometrical. We represent the terms a/b of §%,, 
by points (b,a) of the integral lattice.t Geometrically, (0.2) means 
that } is the area of the triangle whose base joins (b9,a)) and (b,, 4a), 
the origin O being the apex. 

The base, being a distance between lattice points, is not less than 
unity, and so the altitude does not exceed unity. Therefore the 
straight line through (b9,a,) and (b,,a,) contains at least one point 
P at a distance from O not exceeding unity. Plainly, (b,,a@,) is one 
of the points Q inside or on the boundary of the triangle defined by 
the lines y=1, y= a2, x=n. After applying the transformation 
x —>x—1, y—> y—1, the coordinates of Q are still non-negative, those 
of P non-positive. Hence any two points (%p, Yo), (x1, y,) on the line 
PQ satisfy (y,—Yp)(%¥,—Xo) > 0, of which (3.1) is a particular case. 

As an alternative, we give an indirect proof of (3.1). From 


(a,—a,)(b, —by) < 0 


* Inequalities, 26. + Ibid. 43. t Theory of Numbers (op. cit.). 
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it follows, in view of a/b) < a,/b,, that ag < a, and b, > b,, and thus 
My % _ % 
by by by 
(and also a9/by < a)/b, < a,/b,). Hence, unless (3.1) is true, there is 

at least one term of %,, between a,/b, and a,/b,. 

It is convenient to call second neighbours, third neighbours, and so 
on, in a series such terms as are separated by one term or two 
terms, etc. 

We come now to 

THEOREM 2. The numerators and denominators of second neighbours 
in &, are similarly ordered. 

We prove it by a natural development of the second proof of 
Theorem 1. Suppose that 

(4,,—A)(b,,—by) < 9, (3.2) 
where a,, and b,, are the numerator and denominator of the mth 
term after a/b, in §,. Theorem 2 will be established if we show 
that this requires m > 2. 

From (3.2) and ay/by < 4@,,/b,, it follows at once that 

a < am: by > bn: (3.3) 
Thus 6b, > 1, and so a, > 0. Therefore a,, > 1 and a,,/b,, < }. 

We may write, instead of (3.3), 

a+1 < Am: by—1 > Dm (3.4) 


and so : <; : (3.5) 


The second ‘<’ is an immediate deduction from (a)+1)/by < 1. 


It is now obvious that m > 3. 
We can, however, go a little further and determine when m = 3. 


In this case we deduce from (3.4) and (3.5) that a,, = a)+1 and 
= b,—1. At the same time, (3.5) might contain a,/b, and a,/b, 
in reducible form: say 
a, = 4,/A, A, = (4)+1)/p, 
b, = (6)—1)/A, by = bo/p, 
where A, u are positive integers. Applying (0.2) to the neighbouring 
terms Qp/bo, a/b, and a,/b,, a3/bs, we find A = a, and p = a,+1, 


and so a, = 1, 


b, = (by—1)/4p, by = bo/(ag+1). 
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Hence, again by (0.2), we obtain b, = (a)+1)?, so that a)/by and the 
following terms of %,, become 


A 1 ] a+1 


2? a. a? 1}? ee w 
(ay) +1) a)+2 a+1 Q(4y+2) 


(3.6) 


Here the largest denominator is (a,+1)?. Unless 


(ag+-1)? < 2a)+3, (3.7) 


(0.1) shows that %,, contains the fraction 2/(2a)+-3) between 1/(a)+-2 
and 1/(a,+1). The positive solution of (3.7) (for A was defined as 
a positive integer, and a, = A) is a, = 1, and (3.6) takes the form 
: 1 1 2 
> > 8 FF 
These are successive terms in §, only. We have thus proved 

THEOREM 3. The numerators and denominators of third neighbours 
in §,, are similarly ordered, except for n = 4. 

We shall make no use of this theorem: we merely wanted to show 
what can be proved by a slight refinement of the argument. Even 
more is true, in fact, namely 

THEOREM 4. Given k, there is a number N(k) such that the numerators 
and denominators of k-th neighbours in §, are similarly ordered, if 
only n > N. 


A proof will be given in another paper. 


4. A mean-value theorem and its extension 

Combining Theorem 2 with Lemma 4 and the discussion of the 
case A = 0, we obtain 

THEOREM 5. If to, t,, t, wre successive terms in any Farey series, 
then either t, <M_,(to, to), or t, > Wy (ty, t.). In the second case 
equality holds for t, = } only. 

There are companions of this theorem which relate to the Farey 
dissection,* that is, the set D,, of mediants of the neighbours in ¥,,. 

In Lemma 4 we replace the suffix 2 by 1. In view of Theorem 1 
we then have 

THEOREM 6. No term of the Farey dissection D,, lies between the 
harmonic and the arithmetic means of those fractions in §,, of which 
it is the mediant. 


* Theory of Numbers (op. cit.) 
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We come now to a converse of Theorem 6. Let ¢,, denote the 
mediant of ft), t,; and t,,. the mediant of ¢,, ¢,. It is plain that 
(@)+@,)/(by+6,) is already the irreducible form of t,,. Otherwise the 
denominator of the reduced form would be at most 4$(b)+6,) < n, 
so that ft), would occur in §,. Similarly, ¢,. = (a,+4a,)/(b,+6,) is 
irreducible. We have, therefore, without ambiguity, as mediant of 
to, and t,, the fraction a)+-2a,-+a, 
b,+2b,+6,- 
According to (0.1) we may write a)+a, = Aa,, where A is a positive 
integer, and b)+6, = Ab,. Hence 
Ay+2a,+a, a i 
64+%,15, 6 * 
In Lemma 4 now replace a, by by (@)+-4,), (by +-6,) and ay, b, by 
(a,+-a,), (b,+6,). This leaves (a,—d,)(b,—6,)) unaltered. By appeal- 
ing to Theorem 2 and (4.1), we arrive at 


(4.1) 


THEOREM 7. No term of §%,, lies between the harmonic and the arith- 
metic means of the adjacent fractions of D,,. 


By Theorem 5 the term ¢, is excluded from the interval 
M_4 (ty, te) << x < My(ty, t,). (4.2) 


Except for the trivial case t, = }, even the upper bound of the 
interval (4.2) is inaccessible to ¢, (while in §%,,, for n > 3, there is 
a t, that takes the lower bound). It is natural to ask whether the 
interval from which ¢, is barred can be extended on the right-hand 
side up to M, for some r > 1, taking into account that M, is an 
increasing function of r, at any rate for r > 0, since t), t, whose 
mean value is being constructed are unequal.* The answer is in the 
affirmative. 

The simple argument that follows does not cover the whole of 
the Farey series; we have to do away with the beginning of §,,. 
It will be appropriate to leave out all terms of §,, less than } since 
y, is symmetrical: any two terms equidistant from } are comple- 
mentary. We may thus state 


THEOREM 8. If t, > 4, and to, t,, t, are successive terms in &,,, then 
either t, <M_4(ty, ty), Or ty > Meg(to, ty). 


* Cf. formula (2.2). 
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The proof can be based on the symmetry of %,. First, we note 
that 1—t,, 1—t,, 1—t, are successive terms of %,. It follows from 
Theorem 5 that ¢, is excluded from the interval 
1—M,(1—t, 1—t,) < x < 1—M_,(1—by, 1—4,), (4.3) 
and, of course, from the interval 
M_4(ty, to) << x < My (to, te). (4.4) 
Plainly, 1—M,(1—ty, 1—t,) = Me (to, te), 
so that the intervals (4.3) and (4.4) cover the interval 
M_1 (to, te) << x << 1—M_,(1—ty, 1—4,). 
The only additional remark needed for the proof of Theorem 8 is that 
My(ty, t.) < 1—M_,(1—zé, 1—#,). 
The right-hand side is, by the definition of I_,, 
to+-tp— 2p te 
2—(ty+t,) 
If we substitute S = }(t,+t)), D = 4(t,—t)), the inequality to be 


proved becomes 


, ) 


By hypothesis S > 3, and so 
BD Pp 
1—-S~ S§° 
Hence (4.5) is true if 
)2\8 
\(S+D)+}(S—D)§ < (s+ 3 
but that is trivial. 

It is of some interest that 3 is the best possible suffix of M for 
which the preceding proof works. To show this, let n be odd and 
take t=}. One can easily verify that then t, = $(n+1)/n, 
t, = $(n—1)/(n—2). For n >5 we have Mt,(t),t.) < ¢,. Suppose 
now that 


os +t.—2tyt 
M(t, t2) < 1—M_,(1—t, 1—t,) = to 0 
- 2— (lott) 


g-— 


—__}\r)\1/r 
This gives S +35 yy" « Pe ey 


>» n—I1 
- als 
n—2 
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oP n—l1 

Writing I+a= eo 
or+1 
we have 1+(1+a)" < @—ay 
i.e. (1—$a)"{1+(1+a)"} < 2, 
and we obtain dr(r—3)a?+0 (a7) < 0. 
When «a tends to zero, that is, n > 00, we have, finally, 
rs &. 


The argument is, of course, not a definite answer to the question 
whether in Theorem 8 the suffix 3 could be replaced by any greater 
number, particularly for large n. On the other hand, if a proposition 
similar to Theorem 8 is to be valid for all n > 3, the example of §, 
proves that in the case ¢, < M_, the suffix —1 is the best possible, 
while the best possible r > 0 for the alternative ¢, > M, is less 
than 4. 

















THE FIRST AND SECOND VARIATIONS OF THE 
VOLUME INTEGRAL IN RIEMANNIAN SPACE 


By E. T. DAVIES (London) 
[Received 29 October 1941] 


Levi-Crvita’s equations of geodesic deviation (1) were obtained by 
Berwald (2) on forming the Euler equations for the integral of the 
second variation of the length integral between two fixed points. 
The Euler equations thus formed for the second variation are the 
Jacobi equations for the original integral. The same method was 
later used by Schoenberg (5), who made use of the Cartesian (Fermi) 
coordinates which can be defined at every point of a curve in 
Riemannian space. _ 

The generalization of the equations of geodesic deviation to mini- 
mal subspaces was carried out by Bortolotti (4). It is the purpose 
of this note to obtain Bortolotti’s equations from the second variation 
of the ‘volume integral’. The method used will be similar to that 
used by Synge (6) in his study of the first and second variations of 
the length integral. 


1. Let the space V,, have the metric tensor a), (A, p, v, p, ¢ = 1, 
: ee n) and let V,, (m < n), a subspace immersed in it, be defined 


m 
by the parametric equations 


= x(ul, pe un) = xu) (1) 


with the metric tensor b;; (i, j, k, 1, m, n = 1, 2,..., m) connected with 
ay, by the equations 


aed Oy 
ox" Cx 
bi; = Mya 5° (2) 
ou’ ou! 
We now consider a one-parameter congruence of V,,’s defined by 
ae = au}, u?,..., um, t) (3) 


with v(ul, u2,...,u™, 0) = avrA(ul,..., w™), 


and the various members of the congruence for small values of ¢ will 
be regarded as varied positions of the base V,,. It is assumed that 
all the V,,’s defined by (3) have a common boundary, so that along 
that boundary the vector éx4/ét vanishes identically. 
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We shall use the notation 
a a De A Ri — RA 
= ow, Bi, = b*a,,, Be, B Bi, = Bi (4) 
oF ; oF 


~ ae “| opp 
,,) c a ral i m3 o2F 
Ali = app) = aaF li Fle = spraBe 


We now proceed to calculate these quantities. We have 


F = vb, b= |b; 


ij 


| Al 


Fy | = 4vbb4B al 
;/ | = $V t Lead > 
Al 2 ij Cc d 


which, on using the expression for 0a, 2° in terms of the Christoffel 
three-index symbols of the second kind, and simplifying, becomes 
F,| = FBP{3}. (5) 
é 
eB 
which, on using the expression (2) for b,,, becomes 
|{ = vbba,, Be = FB}. 


Again, on writing C¢ = 57— Bi = 87— B? Bi, we have 


Similarly, F |, = 4vb0" 


Diy ’ 


; ig gis tees 
F, |i, = FBR, aya (BO By Bi +b C7) 


and, finally, F|¥ = (F'|}) 5 =F |, By + F(B} 13), 


a m 
so that we have to evaluate B) |/, = — A, where Bi) = bay, Bf. The 
oBF 
first stage of the calculation gives us 
2 ik 
04 ae ~ ob" 
Bi |i, = bilay, tay, Bi spe: 
On using (2) and the relation bb,; = 8}, we get 
abik 
oBe 
J 


so that By |i, = bay, — BY, —bay, Bp. 


= —bik Bi pi Bk, 


On inserting this value we then get 
F \%, = F(b‘ia),—b%a), Bh + BY, — Bi). 
2. We now consider the integral 


L(t) = | F(w,..., wu”, t) dwidu®...du™ 


v 
- 
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taken over a region = of variation of the w’s, which, when ¢ = 0, 


reduces to ws 
L(0) = | Vb du}...du™, 


the volume of the closed region = of the space V,, bounded by a fixed 
boundary y. We now assume that the function F and its first two 
derivatives with respect to ¢ are continuous and bounded functions 
of the m+ 1 variables in the interior points of the region & and for 
values of ¢ in the immediate neighbourhood of t = 0. We can there- 
fore apply Leibniz’s rule for differentiation under the integral sign, 
and the first few terms of the Taylor expansion of L(t) as a function 
of ¢ will be P 


L(t) = L(0)-+tL'(0) +5 L"(0)+ 


where 


L'(0) = [ F’(0) dw...du™; L"(0) = ( F’" (0) dwidu?...du™. (10) 


v » + 


We now proceed to calculate F’(0) and F’(0). 


aud 5 
We have ea Fy | = +F |} a 
C o 


dt 


so that, using (4) and the fact that - “(B)) = — = @,v, we shall have 
ou 


F'(0) = ee F | (11) 

On using (5) and (6) the right-hand side becomes 
FL Bethe + Bid,v] = FB D,v 
where D,v = 2, v- +{A}or Br. 
We therefore write F’(0) = F |i D,w’. (12) 
We then _ proceed to the calculation of F'”(0). We have, on assuming 
that the value ¢ = 0 is always substituted, 
d? dip i D.v) = (= |, oBe m OF | De OLF SS (Dor ) 


dt dt 6Be at * exh 
= (F|¥, 4; w+ F. | \ vt) D, oA +F |§5 (Do, 
and this may be written in the form 


ap D ; 
F |X, DAD, +F |§ (Dr) +O}, D,vrve, 
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where the D,v is treated as a vector of V,, and consequently the 
index @ is merely ordinal, so that 

D 

ot 
The ©}, denote covariant tensors of the second order in the indices 
A and p, which evidently vanish when the coordinates used are the 
normal coordinates at the point, and which therefore vanish for all 
coordinate systems, so that 


” 11a ~D 
F'(0) = F |X, DD +F |\— (Dw). (13) 


(Dio) = 5 (D.r) +2} Dio SZ = (Do) + {YD wee 


ox” 8 
ot ot 


If we now introduce the notations 
A  —— ij noe AT) oth we 
Dn B D, vt = Wij> b%w;; = WwW, Dy D,1 D, vt = Wij 
the equations (12) and (13) become, on using (6) and (8), 


F'(0) = vbw (14) 


and F’(0) = Nb byt — Basten BF (2.0). (15) 
é 


[t will be convenient later to have the last term inside the bracket 
modified in accordance with the relation 
D D 
A ae oe les 
ag (Pi )— Dee ) = Re, Be vv, 
where the particular convention with regard to RA. is that of 
Schouten,* so that (15) becomes 
a x ss ; D 4 
F"(0) = vb) b%7,;+-w?—2w 4w,,+ By D, 3 


| P a A 
= )++ Rip Bae v | 
(16) 
Passing now to the integral itself, we write do = vbdu'du*...du™. 


(do,  L'(0)= | wdo. (17) 


s 


Then L(0) = 


We can now state theorems similar to those stated by Synge (6) for 
curves, on considering the conditions for the vanishing of w, assuming 
a fixed boundary. 

I. The first variation vanishes when the variation vector v is pro- 
pagated parallelly on the surface. 

II. The first variation vanishes if the covariant derivative of v' is 
normal to V,, at every point. 

* (7) I, 110. 
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Since we are dealing with a fixed boundary for which = 0, the 


right-hand side of (17) can be modified by partial integration to 


[ (D, Bio do = — [ Myr do, 


v + 


where M) are the covariant components of the mean-curvature- 
normal vector.* Hence we may state further 

Ill. The first variation vanishes if the variation vector is normal to 
the mean-curvature-normal vector at all points of V.,. 


IV. The first variation vanishes if V,, is minimal, so that M4 = 0 
at all points of V.,. 


3. Returning now to the expression (16) for F”(0), we can further 


- ; afi ‘ ; 
modify the term B\ nar) by integrating by parts and using the 
3 


7 : : My 
fact that v vanishes identically on the boundary, so that “sa also 
Co 


vanishes on the boundary. This gives 


. 
. 


[ Bi DF 0) do = — | 2 de, 
ot A at 


so that L”(0) becomes 


se iy “ ) 
L'(0) = [ny —etleny) + (ot ethan) — Mh 0+ Bip, Bote” do, 


J 
ys 


p (18) 


where the grouping b7,;—w/w,; has a simple geometrical interpreta- 


a 
sin? 
m,g 


dt® 
between the m-plane determined by the tangent vectors B} to J 


° ° a4 ° 
tion.t It is equal to , where ( F ) is the ‘plane angle’ 
m,g 


7, and 
the varied m-plane determined by the vectors ‘BA = B4+é@,v' dt. 

For the particular case in which the variation vector is normal to 
the V,,, so that » = cA wP (p, q, r=m+l.,..., n), the bracket 
(bY7,;—w"/w,;) reduces to a single term{ 

. b% D,w? D,w? = A,(w?, wy) 
p=m+1 

to which Bortolotti gives the name normal curvature associated with 
the congruence w?. 


* (7) II, 87. + (8) 293. t (8) 294. 
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In this case w,; becomes ay, B} D, C4 w?, and, using a, Bh Ce = 0, 
we have . ; ‘ 
Dy B D;,Ck = —ay,, Ch, D; Bi = ee 


“j 


Pp 
with h,; as defined by Schouten.* Accordingly, 


ij 


p 

— , — ’ — Dass — DP 

= —h,w, = —h,jw?, w = Mw, = Mw = M, 
Dp 

and 


— | —_ impin 
w* w Oy = bt bi (hin a _— 


hsp —Iuy j)wret = (M, M,—hth,,)wPrt. 
2 


Similarly, the last term may Mi modified to R,,. . Bea bUC#H Ch wut. 
Hence, without any assumption about the first variation, the integral 
of the second variation for a normal variation is 


L"(0) = [ | ice, w+ MPH, ort — My ses 


+ Bye Bp buCK Ct wut] do, (19) 


which, for a minimal subspace V,,, becomes simply 


m? 


L"(0) = [ [Ay(w?, w,)— Ug ww] do, (20) 


~ 


Be bCH. 


“- ‘his —R vp, pA pq’ 


where Ug = 


The integral now saat a function of w and its derivative with 
respect to uw which can be used as the integrand in an ordinary 
problem of the calculus of variations. Let us write 


ow ; 
Hw, 2) = vb[A,(w?, w,)—U,¢w?wt]. 


Then, forming the Euler equations 
é oH oH 0 
du‘ \o(2, w?)) Ew? ‘ 


we shall have bY D, D,w? + U; = Q, 


pa? 
and this is equivalent to Bortolotti’s ieee to be satisfied by 
the orthogonal components of the variation vector in order that the 
yt the 
different sign in the R term being due to the different convention 
with regard to the position of the indices. 


new submanifold shall also be a minimal subspace of the J 


Now let us consider the particular case of a minimal V,_, in J, 


* (7) II, 82. Tt (4) equation 137. 
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in which case » = Pw, where JA is the unique unit normal vector. 
In that case D,w? becomes simply @;w, and the expression for the 


second variation (20) becomes 


L"(0) = [ (b'i0, wo, w— Uw?) do, (24) 


>) 
; a rT wa z= pr pai 
where U Onn = h® hy — By Bij Mle’ 
is an invariant which may be expressed in terms of the relative 
curvature K, of V,_, in V, and of the ‘Ricci mean curvature’ as 


mu— 
follows:* hth, = —(n—1)(n—2)K,, 
Ry pun Be bv = —M, 

so that U = M,—(n—1)(n—2)K,. 25) 
This invariant U is of interest as the ‘invariant of Koschmieder’ 
which appears in the expression given by Berwald for the second 
variation of the volume integral in metric spaces based on the notion 
of area.t On repeating the operations corresponding to the steps 
(21)-(23) we shall have 

bu D, D;»w+-Uw = 0, i.e. A,w+Uw = 0, (26) 
which coincides with equations (114) of Bortolotti. 


* (4) equations 103, 109, 112, 113. + (3) equation 33.2. 
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